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Motivation: why spectrum?
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entanglement entropy

thermalisation

out-of-equilibrium properties (quantum quenches, hydrodynamics, etc)

spectrum
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h 0|nihn|Ô|mihm| 0i
hn|nihm|mi e

i(En�Em)t

Brockmann et al, J. Stat. Mech., 2014 
Foda, Zarembo, J. Stat. Mech., 2016 

Buhl-Mortensen, de Leeuw, Kristjansen, Zarembo, JHEP, 2016

partition function  
for 6-vertex model
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Néel quench
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correlation function, defect in gauge theories
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Quantum XXZ spin chain
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gapped
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root of unity:
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solution:  Bethe ansatz

quantum group
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Bethe roots
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m
spectrum

information about eigenstates 
and eigenvalues of conserved charges

additional degeneracies!

Are Bethe 
equations enough?
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exact string (FM)

Problem: exact strings
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scattering phase
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Problem: “trivialise” the Bethe equations?
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How to obtain physical solutions with exact (Fabricius—McCoy) strings?

carries no local conserved charges
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2-parameter transfer matrix
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transfer matrix
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auxiliary space: representation of 
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infinite-dimensional complex spin s  
highest weight rep
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Decomposition in auxiliary space
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decomposition
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transfer matrix fusion relations 
for free!

For generic q, the construction works. 
For root of unity, further simplification!

Q operator!

YM, Caux, Lamers, Pasquier, arXiv: 2011.xxxxx

Bazhanov, Lukyanov, Zamolodchikov,CMP, 1996 
Bazhanov, Łukowski, Menegheli, Staudacher, J.Stat. Mech., 2010
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Truncation in auxiliary space
infinite-dimensional complex spin s  
highest weight rep

   -dimensional complex spin s  
highest weight rep
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T̃s(u) = T̃(x, y) = Q̃(x)P̃(y)
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m
Q operator!

YM, Caux, Lamers, Pasquier, arXiv: 2011.xxxxx

matrix TQ 
relation too

diagonalising Q operator: eigenvalues as Q functions analytically, 
no problem with exact strings (FM strings)!
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Descendant tower
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Example:
<latexit sha1_base64="i+4b3fdgApk7U6M26Ze7NZUL6Fk="></latexit>

N = 12, � =
1

2
, ⌘ =

i⇡

3
, � = 0

<latexit sha1_base64="MmJHv22idjeNVMvQF7ttCOWTSUg="></latexit>

|{?}i = | "" · · · "i

<latexit sha1_base64="oNJpsOe+U9b2vfrVxGm2f+xREwE="></latexit>

|{↵FM
1 }i = |{↵1 �

i⇡

3
,↵1,↵1 +

i⇡

3
}i

FM strings within descendant tower: 
“free fermion”-like

<latexit sha1_base64="d+L+NNjG/if+WG6/DHbOBvZdXVU="></latexit>

|{↵FM
1 ,↵FM

2 ,↵FM
3 ,↵FM

4 }i = | ## · · · #i

<latexit sha1_base64="RF13t7VLgW2clS3Djckvpi70NTc="></latexit>

Q+(t) / t12 + 220t6 + 924 + 220t�6 + t�12, t = eu

analytic results 
from Q operator

YM, Caux, Lamers, Pasquier, arXiv: 2011.xxxxx

proven!

exponential 
degeneracies

degenerate in 
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Conclusion & outlook
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Solved the problem with the spectrum of XXZ spin chain at root of unity (descendant tower) 

New relations proven (truncated fusion and Wronskian relations) 

Spin-1 generalisation (ZF chain)? As a generalisation of Onsager algebra? 
(Vernier, O’Brien, Fendley J. Stat. Mech. 2019) 

Thermodynamic limit: quasi-local Z charges, non-vanishing spin Drude weight, application to 
quantum quench

arXiv: 2011.xxxxx 
(to appear)
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