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Goal and results

Long term goal: Improve our understanding of Inozemtsev’s spin chain:
is there integrability there and if so, what kind?

New results [RK, J. Lamers, 2020]
Our new parametrisation yields

Bethe equations
all limits for all quantities
almost additive energies
rational equations for the spectral problem
extremely good control over the spectrum
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Wavefunction component:
〈↓↑ . . . ↓↑ . . . ↑ . . . ↓↓ |Ψ〉 = Ψ(n)
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Structure of the solution
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Combining this yields:
Ψ is an eigenfunction with energy E =

∑
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ε(pm) + Ũ

if
CSM-BAE(−2κρ̄∨1 (p(ϕ)),ϕ) = 0
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CSM-BAE(p̃,ϕ) = 0

BAE: eiLpm = eiϕm p̃m = −2κρ̄∨1 (pm)

Combining this yields:
Ψ is an eigenfunction with energy E =

∑

m
ε(pm) + Ũ
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Results

Results: Rationalisation
More precisely

ϕm = ϕm(tm,1, . . . , tm,M) (“scattering phases")
CSM-BAE(−2κρ̄∨1 (p(ϕ)),ϕ) is an elliptic function in each of the tα.
thus it can be written as a rational function of ℘̂(tα) and ℘̂′(tα).

Moreover we can write E = E (t1, . . . , tN) and

E (t1, . . . , tα + L, . . . , tN) = E (t1, . . . , tN)
E (t1, . . . , tα + ωL, . . . , tN) = E (t1, . . . , tN) + #CSM-BAE

So E is elliptic on-shell!

This turns the entire spectral problem into a rational one

Example:
L−1∑

n=1

x̂0 − x̂n
x̂t − x̂n

= 0,
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Proof at M = 2
Numerical evidence at M > 2
Begs the question how the two Yangians of Heisenberg and
Haldane-Shastry are related

Bound states
Inozemtsev’s spectrum has four kinds of bound states that generalise the
critical length equation of Heisenberg
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Take-home message:
the elliptic spin chain is easy
E =

∑
m ε(pm) + Ũ, i.e. almost additive energies

the spectral problem is fully rational
All limits are well-behaved

What I didn’t mention:
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The complex bound state structure
Elliptic sums

Future directions:
Connection between two Yangians
Study completeness for M > 2, at least numerically
XXZ
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How definitions change everything

Old ingredients:
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Ψ̃p̃ = eip̃·x ∑

τ∈SN

l(τ)
N∏

α

χ1

with multiplicative quasiperiods
eip̃L, eip̃ω+2πiq, q = q(t )
ρ1(z) = ζ(z)− η1

L z

U1 with F1(z) = ρ′1 + ρ2
1 + 3η1

L

New ingredients:

VIno(x) = sinh2 κ

κ2
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℘(x) + η2

ω

)

VCSM(x) = ℘(x) + η2
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U2 with F2(z) = ρ′2 + ρ2
2 + 3η2

ω

Now we use the Legendre relation to rewrite everything
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When the dust settles

Potential: VIno(x) = sinh2 κ

κ2

(
℘(x) + η2

ω

)

Wavefunction ansatz: Ψp =
∑

σ∈SM

Ψ̃p (nσ)

CSM wavefunction: Ψ̃p̃ = eip̃·x ∑

τ∈SN

l(τ)
N∏

α

χ2 solves CSM model with

potential VCSM(x) = ℘(x) + η2
ω and energy ẼM =

∑

m
p2

m/2 + Ũ

Periodicity: p = 2π
ωL (q + ωI )

Sum of scattering phases Bethe counting numbers
Constraints:

(I) ρ̄2

(ωpm
2π

)
= p̃m

(II)
∑

β ∈ c−1{cα−1, cα+1}
ρ2(tα − tβ) − 2

∑

β ∈ (c−1{cα}) \ {α}
ρ2(tα − tβ) = i

(
p̃c(α) − p̃c(α)+1
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∀1 ≤ α ≤ N∑

β ∈ c−1{cα−1, cα+1}
ρ2(tα − tβ) − 2

∑

β ∈ (c−1{cα}) \ {α}
ρ2(tα − tβ) = i

(
ρ̄2

(ωpc(α)
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− ρ̄2
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