
based on
NN arXiv/1802.04202
I.Krichever, NN arXiv/2010.15575
A.Ilina,I.Krichever,NN arXiv/1903.01778

Towards
Lefschetz thimbles
in field theory

Nikita Nekrasov

Simons Center for Geometry and PhysicsI

1



dual Lefschetz thimble

middle dimensional contour = relative cycle

basis in
dim(X)

analytic top
degree (n,0)-form
on     partition function

of TFT in +1 dimensions
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analytic function,
multi-valued
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Optimal representative for

some hermitian metric

start at some critical point and run steepest descent

analyticity of every (isolated) critical point of 

has Morse index = dim(X)

Exponential integrals and Lefschetz thimbles
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grows, 
hence
exp(-S/h) 
decreases in 
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Lefschetz thimble

dual Lefschetz thimble (h—>-h)

near non degenerate critical point...
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Stokes phenomena
résurgence
Picard-Fuchs
Gauss-Manin
WKB
singularity theory
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réal (analytic) symplectic 
manifold

Hermitian operator

Hilbert space

Wick rotation

Exponential integrals in quantum mechanics

{  (p(t),x(t)) | t~t+1 }

Tr ( e      )H
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réal (analytic) symplectic 
manifold of  g-twisted 
loops

Hermitian operator

Hilbert space

Wick rotation

Exponential integrals in quantum mechanics

{  (p(t),x(t)) | (p(t+1),x(t+1)) = g (p(t),x(t))   }

Tr ( e      )H

H

symmetry group element
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réal (analytic) symplectic 
manifold of  periodic 
loops

Hermitian operator

Hilbert space

Wick rotation

Exponential integrals in quantum mechanics

{  (p(t),x(t)) | (p(t+1),x(t+1)) =  (p(t),x(t))   }

Tr ( e      )H

H

symmetry Lie group G 
element

Both   and   can 
be complex now 
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However, degeneracy is not possible, at least not for the ground state

Classically, two identical vacua

Parity symmetry

perturbatively:
doubly degenerate spectrum

Quantum mechanically, for small 

Schrödinger equation

look for 
nearly gaussian, 
localized near

U=

P (x)=         (-x)

Feynman’ s argument
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Nonperturbatively

classic (semi-classical) approach to computing

instanton-anti instanton contribution

estimate the matrix elements
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solution of (almost) Hamilton equations

inverted potentialthe critical orbit
sticks out to the complex 
phase space

easy to miss
in the coordinate picture

2 boundary conditions:
1) x(0)=-v ,  x(1)=+v
2) x(0)=x(1)=+v
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Textbook calculation for     real: case 1)

approximately instanton

approx antiinstanton

x=v

x=-v
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Textbook calculation for     real: case 1) lots of approx
instanton-antiinstanton
configurations

2n+1 transitions, (n+1) I, (n)I

x=v

x=-v

centers of I  or I  — zero modes

P
x

...



Textbook calculation for     real: case 2)

2n transitions, nI nI

x=v

x=-v

centers of I  or I  — zero modes
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Textbook calculation? 
1)        does not have to be real
2) I , I  require infinite time
3) splines violate e.o.m.

x=v

x=-v

tadpoles

centers of I  or I  — zero modes

taking into account tadpoles 
= interaction between I  and I 
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True picture of the critical points

the critical orbit
sticks out to the complex 
phase space

= constant in time
depends on the solution

complex 

Elliptic curve
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True picture of the critical points

= constant in time
depends on the solution

complex 

Elliptic curve coordinated by 

periods 
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True picture of the critical points

= constant in time
depends on the solution

periods 
periodic orbit (p,q)

E-planeDiscriminant 
={ 0,         }

vanishing cycles

complexified 
phase space=
elliptic fibration
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vanishing cycle

# periodic orbit           vanishing cyclem  =

n= defined modulo a multiple of m (Picard-Lefschetz monodromy)

discriminant
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vanishing cycle

# periodic orbit           vanishing cyclem  =

n= defined modulo a multiple of m (Picard-Lefschetz monodromy)

discriminant

E     =  exp(      ) exp(-       ) mass scale

Solar system  
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Generalization to many degrees of freedom

base      generalized E-plane (in 4d susy language “u-plane”)

lagrangian projection
fibers A    = 
pp abelian varieties 

discriminant
set of singular fibers
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Generalization to many degrees of freedom

base      generalized E-plane (in 4d susy language “u-plane”)

lagrangian projection
fibers A    = 
pp abelian varieties 

discriminant
set of singular fibers

action-angles variables 
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period matrix

periodic orbit =

prepotential of special geometry
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related to d=4 N=2 super-Yang-Millsquantum
 mechanics 
1d

equation on        given (n,m)   Z

Quite often the abelian variety is Jac(C ), or Prym(C ), for some family of
spectral curves     C 
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Riemann surface

Field theory : 1+1 dimensional case

fields

Configuration space

Maps(       ,        )

modulo U(1) action
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Riemann surface

Field theory : 1+1 dimensional case

fields

Configuration space

Maps(       ,        )

modulo C action
independent z & z
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Twisted partition function

space translations

time evolution

euclidean 

background flat O(N) - connection

x~x+1,  y~y+1
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case
TWISTS

Complex metric, complex twists

two independent complex parameters
Equations of motion

Self-consistent Schrödinger potentials
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Given complex Schrödinger potential u(z,z), define the Bloch set      and Fermi curve    

= normalization of the Bloch set
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To get a taste of the problem consider the case u= const = u 

exp ( k z + ―― z) a= exp( k   +       )
b= exp( k   +       )

infinitely many double points, 
for each (m,n) = (0,0)

the curve has an involution         
with two fixed points   P
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(m,n) point

algebra-geometric u(z,z) =      is algebraic finite genus curve

The set of algebraic 
geometric
potentials is rare but 
dense among all 
Schrödinger 
potentials
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We found a characterization of potentials 

for 
which

Baker-Akhiezer function
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algebra-geometric data

isolated solutions, discrete set
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Analogy: twistor and spectral curves for monopoles

D Ф=*F Bogomolny equation

on   R    twistor curve

has L zero mode

réduction to 
principal 
chiral field 
spectral 
curves
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Analogy: twistor and spectral curves for monopoles

D Ф=*F Bogomolny equation

on   R    twistor curve

has L zero mode

     spectral curve

Det( g(x) -w)=0
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Tantalizing example in four dimensional Yang-Mills theory

spacetime fixed

Ansatz

homolorphism
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