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Motivation

• An integrable psu(2,2|4) super spin chain underlies AdS/CFT

• Overlaps between eigenstates and Matrix Product States or 

Valence Bond States encode information about one-point fcts. 

in AdS/dCFT (and about quantum quenches in stat. mech.)

• Fermionic dualities allow one to move between different  Dynkin

diagrams of the underlying super Lie algebra

• Fermionic dualities allow to translate overlap formulas from one

Dynkin diagram to another (and allow comparison).

• Fermionic dualities constrain overlap formulas



Plan of the talk

I. Integrable overlaps in AdS/dCFT

II. The Structure of overlap formulas

III. Fermionic Dualities 

IV. Translating overlap formulas between different Dynkin diagrams

V. Outlook
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hB|ui computable in closed form
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|Bi = |MPSi =
X

{si}

Tr(ts1 . . . tsL)|s1 . . . sLi

<latexit sha1_base64="v6AVVXox8JNTb8d2celfaA3kE18="></latexit>

Integrable overlaps in AdS/dCFT
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Matrix product states
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Valence Bond States
<latexit sha1_base64="PvM0B5qJHu/kE2wq5+d+qBVCN7Q="></latexit>

|VBSi = |Ki⌦L
2 , K =

X

s1,s2

Ks1,s2 |s1s2i

<latexit sha1_base64="f7DaI/jM8tRuLkCg37n4PEXdR3s="></latexit>

Integrability understood in a scattering picture

Bethe eigenstate

Ghoshal &
Zamolodchikov ‘94
Piroli, Pozsgay
Vernier ‘17

<latexit sha1_base64="HqN1mRwDxXL4qWw2JGKnMXRN33k="></latexit>

Q2n+1|Bi = 0
Charge 
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AdS/dCFT set-up
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Gauge Theory
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String Theory

<latexit sha1_base64="8gf4Uon8w0jIXYsOfSBdqYoJs5A="></latexit>

�cl
i =

1

x3

✓
(ti)k⇥k 0
0 0

◆
, i = 1, 2, 3
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For x3 > 0:

<latexit sha1_base64="Wcs+Rts+oayisRWV6bT5BjoYhP4="></latexit>

where ti, i = 1, 2, 3 constitute a k-dimensional irreducible
representation of su(2)

<latexit sha1_base64="gzHCF1LZa7kkvElMNUIQAdC4TnU="></latexit>

Constable, Myers
& Tafjord ’99

<latexit sha1_base64="L/TF7TAQXyI3K1QT/6qIaf8m3CQ="></latexit>

Set-up 1/2 BPS Gaiotto & Witten ’08



For k>1: x and y fields are massive,
(except gauge field), 
z fields are massless 

For k=1: No vevs

m2 / 1/x2
3,
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have AdS propagators.

�4,5,6, A0,1,2, c �1,2,3, A3

x, y Dirichlet Neumann
z no BCs no BCs

<latexit sha1_base64="fjfHocI+ivwbqNteTF8ZQYoWJnM="></latexit>

k N � k

Aµ,�i, =

2

664

x y y y
y z z z
y z z z
y z z z

3

775

k

N � k

<latexit sha1_base64="eWGvGu1BzFlhXCYzcx3Cdckbqn8="></latexit>
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Perturbative computations
<latexit sha1_base64="q+7bjdmgdbemWIqHMcb/uzjG9hQ="></latexit>

For x3 > 0: Expanding around the classical solution

Buhl-Mortensen,
de Leeuw, Ipsen,
C.K, Wilhelm ‘16

<latexit sha1_base64="5nT28VVlapTDLHGjnQC7tRcTBf4="></latexit>

Quantum fields



One-point functions in dCFT’s

Due to vevs scalar operators can have non-zero 1-pt fcts at tree-level

hO
bulk
� (x)i =

C

|x3|
�

Cardy ´84

McAvity & Osborn ’95

hO�(x)i = (Tr(�i1 . . .�i�) + . . .) |�i!�cl
i =

ti
x3

<latexit sha1_base64="pnp4KCpjhSRxtK1MJggL+hEhvTM="></latexit>

Matrix Product State associated with the defect: 

|MPSki =
X

~i

tr[tii . . . tiL ]|�i1 . . .�iLi,
<latexit sha1_base64="2vTYbJYLarmDSjfkH2TRoGUyjo0="></latexit>

Object to calculate:
<latexit sha1_base64="HU6DFCh4TRmrRSmQ4GZXOQ7bp/U="></latexit>

Ck (u) =
hMPSk |ui
hu |u i

1
2

k> 1:

deLeeuw, C.K.
& Zarembo ‘15,



The k=1 case

Propagators for complex scalars:  

D(x, y) =
1

4⇡2

✓
1

|x� y|2 +


|x̄� y|2

◆
,

<latexit sha1_base64="o138vXhwzGdw/oePraJyoFPzbus="></latexit>

 =

8
><

>:

1 Neumann

�1 Dirichlet

0 no BCs.
<latexit sha1_base64="mBBXmdtp7ov4gOpUaEadGjjL/8s="></latexit>

x̄ = (x0, x1, x2,�x3)
<latexit sha1_base64="JZMHBqtXOzdKI0Qb1M4d7YdMxO8=">AAACA3icdVBNS0JBFJ1nX2ZfVrvaDElgYDJPs3QRSG1aGuQHqDzmjaMOzvtgZl4oD6FNf6VNiyLa9ifa9W+apy+oqAMXDufcy7332D5nUiH0YSQWFpeWV5KrqbX1jc2t9PZOQ3qBILROPO6Jlo0l5cyldcUUpy1fUOzYnDbt0WXkN2+pkMxzb9TEp10HD1zWZwQrLVnpvY6NRTienmfHFsqNLVNXIXc8topHVjqD8mgGiPKFEqqUI1JCZuXUhGZsZUCMmpV+7/Q8EjjUVYRjKdsm8lU3xEIxwuk01Qkk9TEZ4QFta+pih8puOPthCg+10oN9T+hyFZyp3ydC7Eg5cWzd6WA1lL+9SPzLaweqX+6GzPUDRV0yX9QPOFQejAKBPSYoUXyiCSaC6VshGWKBidKxpXQIX5/C/0mjkDeL+cL1SaZ6EceRBPvgAGSBCc5AFVyBGqgDAu7AA3gCz8a98Wi8GK/z1oQRz+yCHzDePgGxf5ZD</latexit>

⌦
X1a(x)Xb1(y)

↵
=

g2YM�ab

2

⇣
D1(x, y)�D�1(x, y)

⌘
=

g2YM�ab

4⇡2|x̄� y|2 ,
<latexit sha1_base64="EalQI3bXUrjmc/XbdKOKBTBKEZc="></latexit>

h 1a
↵ (x) b1

� (y)i = g2YM

8⇡2
✏↵� �

ab · x̄3 � y3
|x̄� y|4 .

<latexit sha1_base64="53qtIHOQQ33xceuRr1gWEmjMP1o="></latexit>

Propagators for fermions in the SU(2|3) sector

X = �1 + i�4, etc.
<latexit sha1_base64="W2Ful4cOe5hWylo4LaAzDpaY3F8=">AAACB3icdVDLSgMxFM3UV62vqktBgkUQlGGmttouhKIblxXsAzpDyaRpG5rMDElGLEN3bvwVNy4UcesvuPNvTKcjqOiByz2ccy/JPV7IqFSW9WFk5uYXFpeyy7mV1bX1jfzmVlMGkcCkgQMWiLaHJGHUJw1FFSPtUBDEPUZa3uhi6rduiJA08K/VOCQuRwOf9ilGSkvd/G77zAmHtGsf0qSXjqDDveA2hkRhc9LNFyzTSgAts1i2qpUpKVt29cSGdmoVQIp6N//u9AIcceIrzJCUHdsKlRsjoShmZJJzIklChEdoQDqa+ogT6cbJHRO4r5Ue7AdCl69gon7fiBGXcsw9PcmRGsrf3lT8y+tEql9xY+qHkSI+nj3UjxhUAZyGAntUEKzYWBOEBdV/hXiIBMJKR5fTIXxdCv8nzaJpH5vFq1Khdp7GkQU7YA8cABucghq4BHXQABjcgQfwBJ6Ne+PReDFeZ6MZI93ZBj9gvH0CdheYbw==</latexit>



Leading for large-N Sub-leading for large-N

Feynman diagrams

hVBS| = (hXX|+ hY Y |+ hZZ|+ h"# |� h#" |)⌦L/2, SU(2|3) sector
<latexit sha1_base64="Q1Bnz50luZioero9yiusRJniL0Y="></latexit>

C.K., Müller,
Zarembo ‘20

hVBS| = (hXX|+ hY Y |)⌦L/2, SU(2) sector
<latexit sha1_base64="AjF8MotrsWmuMfo9MlYc5k+ewEM="></latexit>

<latexit sha1_base64="UCwjG9q0HDwrkVM3LP+MlFZbp3M="></latexit>

|VBSi’s also of importance as initial steps in proofs of
overlap formulas for |MPSi’s

de Leeuw, Gombor, C.K.,
Linardopoulos, Pozsgay ‘19

<latexit sha1_base64="e6WCiW5rXc+6KabzRvjy6h+Lp+k=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgasgMHW13RTfurGAf0A4lk2ba2MyDJCMMpf6KGxeKuPVD3Pk3ZtoKKnogcDjnXnLP8RPOpELowyisrK6tbxQ3S1vbO7t75v5BW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yUXud+6okCyOblSWUC/Eo4gFjGClpYFZvvJvKVFQxZBgTlKOFR2YFWQhp+ZWHYgsx0V1u66Ji+z6aRXaFpqjApZoDsz3/jAmaUgjRTiWsmejRHlTLBQjnM5K/VTSBJMJHtGephEOqfSm8+Nn8FgrQxjEQr9Iwbn6fWOKQymz0NeTIVZj+dvLxb+8XqqCmjdlUZIqGpHFR0HK86h5E3DIhE7OM00wEUzfCskYC0yU7qukS/hKCv8nbceyXQtdO5XG+bKOIjgER+AE2OAMNMAlaIIWICADD+AJPBv3xqPxYrwuRgvGcqcMfsB4+wTCNpTb</latexit>

Object to calculate

Gombor & Bajnok ‘20

<latexit sha1_base64="O32M/RyWASfIan44dT/y62QReVI="></latexit>

Ck=1 = 2

✓
g2YM N

16⇡2

◆L/2 hVBS|ui
hu|ui1/2



<latexit sha1_base64="TFK3dq1cejaoG0VFG/weqabYu6A=">AAAB+XicdVDLSgMxFM3UV62vUZdugkVwNWSGjra7oiDurGBroR1KJs20oZnMkGQKZeifuHGhiFv/xJ1/Y/oQVPRA4HDOPdybE6acKY3Qh1VYWV1b3yhulra2d3b37P2DlkoySWiTJDyR7RArypmgTc00p+1UUhyHnN6Ho8uZfz+mUrFE3OlJSoMYDwSLGMHaSD3bvjEuxym8SmSccax6dhk5yKv6FQ8ix/NRza0Z4iO3dlaBroPmKIMlGj37vdtPSBZToYnJq46LUh3kWGpGOJ2WupmiKSYjPKAdQwWOqQry+eVTeGKUPowSaZ7QcK5+T+Q4VmoSh2Yyxnqofnsz8S+vk+moGuRMpJmmgiwWRRmHOoGzGmCfSUo0nxiCiWTmVkiGWGKiTVklU8LXT+H/pOU5ru+gW69cv1jWUQRH4BicAhecgzq4Bg3QBASMwQN4As9Wbj1aL9brYrRgLTOH4Aest0/lrpPX</latexit>

Overlap Formulas
<latexit sha1_base64="I2akDvsIqKgStXYUGiBDw9bXFP0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJDR1tXRTe6q2Af0A4lk8m0oZnMkGSEMvQ33LhQxK0/486/MX0IKnogcDjnHu7NCVLOlEbowyqsrK6tbxQ3S1vbO7t75f2DtkoySWiLJDyR3QArypmgLc00p91UUhwHnHaC8dXM79xTqVgi7vQkpX6Mh4JFjGBtpP6NGEoaMiq0uhiUK8hGbs2ruhDZrofqTt0QDzn1syp0bDRHBSzRHJTf+2FCstikCcdK9RyUaj/HUjPC6bTUzxRNMRnjIe0ZKnBMlZ/Pb57CE6OEMEqkeULDufo9keNYqUkcmMkY65H67c3Ev7xepqOanzORZpoKslgUZRzqBM4KgCGTlGg+MQQTycytkIywxESbmkqmhK+fwv9J27Udz0a3bqVxuayjCI7AMTgFDjgHDXANmqAFCEjBA3gCz1ZmPVov1utitGAtM4fgB6y3T22SkfI=</latexit>

Ingredients:
<latexit sha1_base64="6PLRSA3qEfJMDO3xD5CrVsL7h8w="></latexit>

For |MPSki:

• Superdeterminant of Gaudin matrix G: hu|ui / det(G)

• Ratios of Baxter polynomiums (reduced): Q(u) =
Q

i(u
2 � u2

i )

• “Transfer matrices”: Sums of ratios of Baxter polynomials:
Pa= k

2

a=� k
2

. . .
<latexit sha1_base64="6aQ7MH7R136/Z4oXoTHn+VSUl84="></latexit>

For |VBSi:

• No sums involved

<latexit sha1_base64="T2mZLS07yCKeM8inr6et+ODVg6Q="></latexit>

Will focus on |VBSi of relevance for the k = 1 case in AdS/dCFT

• Understand the structure of overlap formulas for super spin chains

• Investigate their transformation properties under fermionic dualities
(change of Dynkin diagram)

de Leeuw, Gombor, C.K.,
Linardopoulos, Pozsgay ‘19

de Leeuw, C.K.
& Zarembo ‘15

de Leeuw, C.K.
& Mori ‘16

de Leeuw, C.K. &
Linardopoulos ‘18

Poszgay ‘18



<latexit sha1_base64="Z8tD9fq1qYf4/hpcCCiVTfSvoVg=">AAAB73icdVDLSgMxFM34rPVVdekmWARXQ2boaLsriuCygn1AO5RMmmlDk8yYZMRS+hNuXCji1t9x59+YPgQVPXDhcM693HtPlHKmDUIfztLyyuraem4jv7m1vbNb2Ntv6CRThNZJwhPVirCmnElaN8xw2koVxSLitBkNL6Z+844qzRJ5Y0YpDQXuSxYzgo2VWpf3WKSc6m6hiFzkl4OSD5HrB6jiVSwJkFc5LUHPRTMUwQK1buG900tIJqg0hGOt2x5KTTjGyjDC6STfyTRNMRniPm1bKrGgOhzP7p3AY6v0YJwoW9LAmfp9YoyF1iMR2U6BzUD/9qbiX147M3E5HDOZZoZKMl8UZxyaBE6fhz2mKDF8ZAkmitlbIRlghYmxEeVtCF+fwv9Jw3e9wEXXfrF6vogjBw7BETgBHjgDVXAFaqAOCODgATyBZ+fWeXRenNd565KzmDkAP+C8fQKSD5BT</latexit>

Examples

<latexit sha1_base64="COf1ek5tpAw5uxjL6/b1S4jogEc="></latexit>

SU(3): |VBSi = |XXi+ |Y Y i+ |ZZi , C = Q1(0)Q2(0)

Q1( i
2 )Q2( i

2 )
SdetG

<latexit sha1_base64="kP3s8UJhyh33bhlEZs0hYqGuedY="></latexit>

SO(6): |VBSi = |XXi+ |Y Y i+ |ZZi+ |X̄X̄i+ |Ȳ Ȳ i+ |Z̄Z̄i ,

<latexit sha1_base64="0enQHNaxvryz0LIN6hs4+piQT1s="></latexit>

SU(2|1) : |VBSi = |XXi+ | "#i � | #"i
<latexit sha1_base64="YPgsfI+ylWNlGsf9yiOzWXzcnH4="></latexit>

C =
Q1(0)

Q2(0)Q2

�
i
2

�SdetG

<latexit sha1_base64="MCcyl2vKqXovCGykmnMSskNGa/Q="></latexit>

C =
Q1(0)Q2(0)Q3(0)

Q1

�
i
2

�
Q2

�
i
2

�
Q3

�
i
2

�SdetG
de Leeuw, Gombor, C.K.,
Linardopoulos, Pozsgay ‘19

Piroli, Vernier,  Calabrese, Poszgay ‘19

Poszgay ‘18

<latexit sha1_base64="kD7jeYQn1CK6pG/enQnueEh8pQo="></latexit>

SU(2) matches analytically continued (dressed, higher loop) k > 1 formula

<latexit sha1_base64="6QJ3V6nlkXSbHAf0BF4ihhc3rvw="></latexit>

SU(2) : |VBSi = (|XXi+ |Y Y i)⌦L/2, C2 =
Q(0)

Q( i
2 )

S detG



<latexit sha1_base64="o0EVyoMm7kxOzzbLMOUu9sHyvEk="></latexit>

The N = 4 SYM spin chain

Bajnok & 
Gombor ‘20

Beisert & 
Staudacher ‘04

See also Komatsu &
Wang ‘20

<latexit sha1_base64="TBzpj91e+zED2J0U9k3rARyRPpk="></latexit>

PSU(2, 2|4) : C =
Q1(0)Q3(0)Q4(0)Q5(0)Q7(0)

Q2(0)Q2(
i
2 )Q4(

i
2 )Q6(0)Q6(

i
2 )

S detG



<latexit sha1_base64="epmU0OFoe5BGBklVE92zH+XEfQA=">AAACBXicdVDLSgMxFM34rPVVdamLYBFcDZmh1XZX7EZ3ldpaqKVk0ts2NJMZkoxQSjdu/BU3LhRx6z+4829MH4KKHggczjmXm3uCWHBtCPlwFhaXlldWU2vp9Y3Nre3Mzm5dR4liUGORiFQjoBoEl1Az3AhoxApoGAi4DgbliX99C0rzSF6ZYQytkPYk73JGjZXamYMLaaCnqM3jahKDwtWYS1zuUy51O5MlLvEL+ZyPievnSdErWpInXvEkhz2XTJFFc1TamfebTsSSEKRhgmrd9EhsWiOqDGcCxumbRENM2YD2oGmppCHo1mh6xRgfWaWDu5GyTxo8Vb9PjGio9TAMbDKkpq9/exPxL6+ZmG6hNeIyTgxINlvUTQQ2EZ5UgjtcATNiaAllitu/YtanijJji0vbEr4uxf+Tuu96eZdc+tnS2byOFNpHh+gYeegUldA5qqAaYugOPaAn9OzcO4/Oi/M6iy4485k99APO2yc62Jhp</latexit>

Integrable Super Spin Chains

<latexit sha1_base64="QQoiu52ugCsNGnkoc5uHCiPKa74="></latexit>

Bethe equations

 
ua,j � iqa

2

ua,j +
iqa
2

!LY

b,k

ua,j � ub,k + iMab
2

ua,j � ub,k � iMab
2

⌘ e i�a,j = �1.

<latexit sha1_base64="fslxPaIh2qeo8fnLbJbrrRknjMo="></latexit>

a = 1, . . . n (# of nodes), j = 1, . . . ,Ka (# of roots of type a)
<latexit sha1_base64="irMSj7nWiwPiXSiI8i7qy/+0Ghc="></latexit>

Gaj,bk =
@�aj

@ubk
.

<latexit sha1_base64="2Q/TgiCJLrq8gTBUMCpp60c6eQg="></latexit>

Maa = 2,
Maa+1 = �1,
Maa�1 = �1.

<latexit sha1_base64="r1uLA+oGEvUFW5/hMqo/HVCWANU="></latexit>

Maa = �2,
Maa+1 = +1,
Maa�1 = +1.

<latexit sha1_base64="j4HXkfFOMrxhE88OFovRM/BGEFA="></latexit>

Maa = 0,
Maa+1 = �1,
Maa�1 = +1.

<latexit sha1_base64="SizqU4SYBoJ6U1xi0wKxasON4JY="></latexit>

Maa = 0,
Maa+1 = +1,
Maa�1 = �1.

<latexit sha1_base64="HZ8tyUOmhzn427E9LKQKbL6Cme4="></latexit>

Gaudin matrix
<latexit sha1_base64="jMmW9OR+o+0vMTxs4BZHxRfrBQo="></latexit>

of size
P

a Ka ⇥
P

a Ka

<latexit sha1_base64="E9rfVMXwtElVl9wPG4cD8ZfOp0Y="></latexit>

(�1)qa

<latexit sha1_base64="V9oFLjjLuq166E5iG2LrYvrJ7Zs="></latexit>

(of type GL(M |N))



<latexit sha1_base64="JeE4OZxqrtD3oZY+gNmyi/L7Vig="></latexit>

Integrable overlaps and the Gaudin determinant

<latexit sha1_base64="jKtWfKPbKkEhg2gI+13j3Y6ztXA="></latexit>

Q̂2n+1|Bi = 0 =)

<latexit sha1_base64="HW5SXG8bOj+Flwa6NWL2g1yEMYs="></latexit>

=) auxiliary roots paired {vi,�vi}Kv
i=1 possibly plus {0}

<latexit sha1_base64="Me1wNhtEOwSiMEkEPCAi0wZ7yrQ="></latexit>

hB|ui 6= 0 i↵ momentum carrying roots are paired {ui,�ui}Ku
i=1

<latexit sha1_base64="A1IJSL9BrV+dd5/zKh7WMRjfYVQ="></latexit>

Gaudin matrix has block structure
<latexit sha1_base64="P3c+HDHRwk1bL/6ofteElPVn+/c="></latexit>

detG =

����
A B
B A

���� =
����
A+B B
B +A A

���� =
����
A+B B

0 A�B

���� = det(A+B) · det(A�B)

<latexit sha1_base64="e6IXpnDdQkgS/og4kIJ2VJotDk0="></latexit>

Quantity entering overlap formulas
<latexit sha1_base64="jNek9ol/V3aqr1w7zgB3S9+/zzs="></latexit>

SDetG =
detG+

detG�
⌘ D

<latexit sha1_base64="+YThH/pAXbxvTpuRdn2q81cSVs0="></latexit>

= detG+ · detG�

<latexit sha1_base64="dR6UCrQmzT32xWdcUGW5RP/vsvY="></latexit>

(excluding singular cases)



<latexit sha1_base64="G2qJo0AKVM7gAw0rkq985D/uM8Q="></latexit>

Ex: SU(2|1)
<latexit sha1_base64="4H/w0mVZ8awdelZTcdic7KQlfKg="></latexit>

Fermionic Duality:
<latexit sha1_base64="dVtYBD32NF/GY3Biu3IZUEL7TR0="></latexit>

q =


1
0

� <latexit sha1_base64="8iX4SVHWsFqOfE+fxCSZR20Fn70="></latexit>

q̃ =


1
0

�<latexit sha1_base64="DMSo/O9lEtdV5epigJje4JvpXNg="></latexit>

fM =


0 1
1 0

�
,

<latexit sha1_base64="0j5RJxsEHzGlezRTqtVPlWFEPno="></latexit>

M =


2 �1
�1 0

�
,

<latexit sha1_base64="NoFpHGVlLYaIKpTALG19rh0z8PQ="></latexit>

1 =
K1Y

n=1

vk � un � i
2

vk � un + i
2

=
Q�

1 (vk)

Q+
1 (vk)

<latexit sha1_base64="w/VXzwMOCarmG5SByYg1cQkkgLs="> </latexit>

�1 =
Q++

1 (uk)

Q��
1 (uk)

· Q
�
2 (uk)

Q+
2 (uk)

 
uk � i

2

uk + i
2

!L
<latexit sha1_base64="1WpgXqu8IRE9l80c1KugNXohoSI="></latexit>�!

<latexit sha1_base64="1WpgXqu8IRE9l80c1KugNXohoSI="></latexit>�!
<latexit sha1_base64="Q4PZcYu16w+qLmGktHqNJsbQSYc="></latexit>

Q+
1 (ṽk)

Q�
1 (ṽk)

= 1

<latexit sha1_base64="QJn36M5fJxa0us/jcj9W2xRW9Ko="></latexit>

eQ+
2 (uk)
eQ�
2 (uk)

 
uk � i

2

uk + i
2

!L

= 1

<latexit sha1_base64="ZLJBF3PLP6XXd2VYjyR/eIzqLDg="></latexit>u
<latexit sha1_base64="ZLJBF3PLP6XXd2VYjyR/eIzqLDg="></latexit>u <latexit sha1_base64="EpgyvUNh4TId8RXCav3erOqmQv8="></latexit>v

<latexit sha1_base64="GGKDZTxwz1mXjjITsrN3nDoTJFQ="></latexit>

ṽ

<latexit sha1_base64="DAlqTPNKyxpOusXxtxORaPLAr+4="> yrpd3U4vAJlllcfygUrDPmou7fBUoYpZj7zKCT1dDRIFKwEuzfcrkVQu/kMo5aO/5fjYuQrnzBK16xrrf5LOL61YNB5PcDIxM93nVHIzGJMGruH6hr1l9x9uP+iDvdXftnecHdxs287OVw/A2bLztVEr14vh+p8kiP3UjDQfqzs5dOyZOsrMhPdDphskTdiM+lM6Zoe4FTRiyVGWf9k1tFASmM7An1CQS5cRGY2SZBF5aGlaILmqM8KbdIepGj08yriYpYoJv7holIag4uJjFuCg9BXOwYBTX3LkCv6EYtKwaROThCpSuH3zqr/lbG/Z+/2NR4MyHfXa57Uvau2aU/u69qj2be1F7aDmr/249vPar2u/1X+q/1L/vf5HYXr3Ton5rLay6n/9A26XF7E=</latexit>

Change of variables

<latexit sha1_base64="yltn854NNoq5zGF7PTPP5oXpDHw="></latexit>

K2 roots vi

<latexit sha1_base64="yG3XtlAgyZRKa1d4ps2FY0eE+m0="></latexit>

Q++
1

Q��
1

=
Q+

2

Q�
2

eQ+
2

eQ�
2

<latexit sha1_base64="GYiT8H1p1LwBFVsLsYp9OVX1nx4="></latexit>

Q±(u) ⌘ Q(u± i

2
)

<latexit sha1_base64="CAkh9OekYOH/kgl22IQW+W73UGo="></latexit>

eK2=K1�K2�1 roots ṽi
<latexit sha1_base64="v/7r7YrE/Q1BAhIh17z9QemK4lk="></latexit>

Q�
1 (v)�Q+

1 (v) = Q2(v) · eQ2(v)



<latexit sha1_base64="ISzyRfnMr1roc1vtC4mgqNqBTxQ="></latexit>

Transformation formula: Ex: SU(2|1)
<latexit sha1_base64="ig634bXK6NduQvnY8Jt4HPrAxEI="></latexit>�!

<latexit sha1_base64="AVOFIX0ISyFvIhzvxTe9KdXfKps="></latexit>

K1
<latexit sha1_base64="AVOFIX0ISyFvIhzvxTe9KdXfKps="></latexit>

K1
<latexit sha1_base64="kTpsO1gCDlVr5zq3+ossmHMFzNo="></latexit>

K2

<latexit sha1_base64="Tw+HvEx2aj2cLuHlbQL0INiCUBc="></latexit>

eK2
<latexit sha1_base64="tSUfIqFa6aFgsQBRzWnutVvdF1w="></latexit>

K1, K2 even =) fK2 = K2 �K1 � 1 odd, i.e. ṽ’s contain a single zero
<latexit sha1_base64="zOsfITPWiuWn54JKUtY/8CPbTtQ="></latexit>

Q�
1 (u)�Q+

1 (u) = uQ2(u) eQ2(u), with reduced Baxter polynomials

<latexit sha1_base64="mPtjWnAatYYPlIJt+L8WZqhz/XE="></latexit>

eD = K1
eQ2(0)Q2(0)

Q1( i
2 )

D
<latexit sha1_base64="Z2+rYZrJhPsw7uZQczEMkteW4Yk="></latexit>

Found numerically
<latexit sha1_base64="pCCZoU/XVFXye5R2wTvRHSnGMRo="></latexit>

Analytical proof in progress

C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="QkGlJEPDFldNS4OIsCzJdh+/DQs="></latexit>

Notice:

• Holds semi-on-shell (the {ui,�ui}’s can be chosen at random)

• Potentially nice if the overlap formula involves Q2(0)D

• Factor K1 signals that a hws is mapped to a descendent

de Leeuw, Ipsen, C.K.,
Vardinghus, Wilhelm 17



<latexit sha1_base64="H/7n7/OAD/No5qYs0/TL05Qzv8s="></latexit>

Fermionic dualities in general

<latexit sha1_base64="czW9gd+6MH358sc8rOEOB9Unz/E="></latexit>2

4
0
V
0

3

5 �!

2

4
V ± 1
�V
V ⌥ 1

3

5
<latexit sha1_base64="5hwHWIzHm1WZyrQKfnuCkQiCMec="></latexit>

for

<latexit sha1_base64="T2OY536Cc+R/OBexGXvGij40Y8g="> sWKkmEF65oEWaJ3th3tc2ta6QZS8gLlT+nJI0zP81ifjdrIAFgdPpg+KBMmRuqtpRWCjqmBzRyXRrh/7EhTr1S5skNDd+l2R3Vut3 </latexit>

• Allow one to move between any two Dynkin diagrams of a super Lie alge-
bra (of type GL(N |M))

• Involve a fermionic node and its neighbours only

• Changes the nature of neighbouring nodes
N
 !�

and the connections ——  ! - - -

• Dualized node non-momentum carrying =) Dynkin labels unchanged

• Dualized node momentum carrying =) Dynkin labels change



<latexit sha1_base64="MVr9tFdTXGhUSi6riRzbBP/y9SI="></latexit>

Kl

<latexit sha1_base64="7AtTEuEZ19zjLB5RTG2yvu1agPE="></latexit>

Km
<latexit sha1_base64="B4KRbCjKZCF9FStoOHKRgi93IZc="></latexit>

Kr
<latexit sha1_base64="iZqE+X0w3xbDw4xKGpGpiXk4ozM="></latexit>

M =

2

4
⌘2 ⌘1 0
⌘1 0 �⌘1
0 �⌘1 ⌘3

3

5 , q =

2

4
Vl

0
Vr

3

5 ,
⌘1 2 {�1,+1}
⌘2 2 {0,�2⌘1}
⌘3 2 {0, 2⌘1}

,

<latexit sha1_base64="T9RQuBcUqzxdPIO8mkw7z0E1p84="></latexit>

Kl,Kr,Km all even =) eKm = Kl +Kr �Km � 1 odd
<latexit sha1_base64="WDvTiiH5VZ6ZUCcYLmiS/lQ2PBg="></latexit>

Q�
l Q

+
r �Q+

l Q
�
r = i⌘1(Kr �Kl)uQm

eQm ,
C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="xplgwNFujzZ5uu74BjAbKf7UjJI=">AAASXHicpVjtb9vGGVe7b </latexit>

Dualizing a non-momentum-carrying node

<latexit sha1_base64="HJIQnvNcLbmylqVAW9+Hw+dIyXs="></latexit>

eD = JD = (�⌘1)
Kl⌘Kr

1 (⌘1Kr � ⌘1Kl)
Qm(0) eQm(0)

Ql

�
i
2

�
Qr

�
i
2

� D
<latexit sha1_base64="VvYEtxw/iq36oPoz10OOjFx1LfE="></latexit>

Found numerically
Analytical proof
in progress

<latexit sha1_base64="teDEz+bgcUPaKN0hCAvn658LIwg="></latexit>

Kl,Kr even, Km odd
<latexit sha1_base64="pxRVRaO1PUZUdFZGtJZVrr9AqIk="></latexit>

eD = (�J)�1 D ,



<latexit sha1_base64="9JYTV8nXisnssRcEZWc5fBFcMG8="></latexit>

Dualizing a momentum-carrying node

<latexit sha1_base64="MVr9tFdTXGhUSi6riRzbBP/y9SI="></latexit>

Kl

<latexit sha1_base64="7AtTEuEZ19zjLB5RTG2yvu1agPE="></latexit>

Km
<latexit sha1_base64="B4KRbCjKZCF9FStoOHKRgi93IZc="></latexit>

Kr
<latexit sha1_base64="a3kpkkOYP2ZEyd2/tfTeztJ74pY="></latexit>

M =

2

4
⌘2 ⌘1 0
⌘1 0 �⌘1
0 �⌘1 ⌘3

3

5 , q =

2

4
0
V
0

3

5 ,
⌘1 2 {�1,+1}
⌘2 2 {0,�2⌘1}
⌘3 2 {0, 2⌘1}

<latexit sha1_base64="jPwQRGRvK5dDe5a4nls1xc5fmoE="></latexit>�
u+ V i

2

�L
Q�

l Q
+
r �

�
u� V i

2

�L
Q+

l Q
�
r = i(V L� ⌘1Kl + ⌘1Kr)uQm

eQm,

<latexit sha1_base64="P+LlMdz37XMwFSafuYZv6R/lrAs="></latexit>

eD =

✓
2i

V

◆L

(V L� ⌘1Kl + ⌘1Kr)
Qm(0) eQm(0)

Ql

�
i
2

�
Qr

�
i
2

� D ,

<latexit sha1_base64="ju2W7+oAMDT465RgM9QThtiFS64="></latexit>

Kl,Kr,Km, L all even =) eKm = L+Kl +Kr �Km � 1 odd

<latexit sha1_base64="VvYEtxw/iq36oPoz10OOjFx1LfE="></latexit>

Found numerically
Analytical proof
in progress

<latexit sha1_base64="FufVa9JaCllaOJL6Oo5I3aRhT2M="></latexit>

NB: Kr odd or Kl odd requires regularization



<latexit sha1_base64="Wjg0wAI+VHGz9m/0l05Aw74uiKc="></latexit>

�——⌦�� � �! ⌦�� ⌦——⌦ �! ⌦�� ���⌦
<latexit sha1_base64="+g2gaZRUBf+g+Bx1jC2RUHNp0BY="></latexit>

1 <latexit sha1_base64="+g2gaZRUBf+g+Bx1jC2RUHNp0BY="></latexit>

1
<latexit sha1_base64="+g2gaZRUBf+g+Bx1jC2RUHNp0BY="></latexit>

1

<latexit sha1_base64="Q/Q3euZluZ3uA86pddUu+Agb7Jk="></latexit>

K1 K2 K3

E E E

E O E

<latexit sha1_base64="Z/OrwjqIKILuyNR+CKZl5OKUzf8="></latexit>

K1
eK2 K3

E O E

E E O

<latexit sha1_base64="xhl3kIvJmTJQHfMgp3Y7Sk4IrSk="></latexit>

K1
eK2

eK3

E O E

E E E
<latexit sha1_base64="luGyGg/EKECSSh0OoWAE3t80d2w="></latexit>

C =
Q1(0)Q2(0)

Q1(
i
2 )Q3(0)Q3(

i
2 )

D Gombor & 
Bajnok ‘20

C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="89DJ21x0BmlZIJQtvcEtYgw12bI="></latexit>

Agreement for both cases

<latexit sha1_base64="3EgLFwf0VJAzGWzTwlvwV+t7hGM="></latexit>

�! eC =
1

K1 �K3

Q1(0)
eQ2(0)Q3(0)

eD
<latexit sha1_base64="HtGgNOdBF0hywhTgI4SJd57uQMY="></latexit>

�! eeC =
eK2

K1 � eK2 + K̃3 + 1

eQ3(0)Q1(0)
eQ2(0) eQ2(

i
2 )

eeD

<latexit sha1_base64="2a5UT4wX/fGtejswDfH7LBqUGR0="></latexit>

Dualizing overlap formulas I



<latexit sha1_base64="6KwJZAnHZBa+im2DLEBBZFgoouU="></latexit>

D /
Qa�1

�
i
2

�
Qa+1

�
i
2

�

eQa(0)Qa(0)
eD

<latexit sha1_base64="bRDhNRxkWGDMXwe/ONDowrpFLEQ="></latexit>

Covariance of overlap formulas very constraining (fully constraining?)

<latexit sha1_base64="lF4JeGLWFvE3sNMgv5p3CTrspDA="></latexit>

Dualizing overlap formulas II



<latexit sha1_base64="TW/bCOYu5LR5Ir40GlbZtbS3UFA="></latexit>

Dualizing overlap formulas III
<latexit sha1_base64="UJm9PJeIVRPjXmwGljkcgbbX1FM="></latexit>

PSU(2, 2|4) overlap formula, alternating grading
Gombor & 
Bajnok ‘20

<latexit sha1_base64="mYU9g9OvpeUp1uj8MMnhQsVUkTw=">AAAaBXiczVlLk9vGEaadl8O85OQilS9dEaiQRWCLoKTEUhUrXuplZVeytmytXSVoWQ </latexit>

PSU(2, 2|4) overlap formula, beauty grading
<latexit sha1_base64="doQhRzptB1gFc73ekv8MqzufFmU="></latexit>

Agrees with field theory result in SO(6) sector C.K., Müller,
Zarembo ‘20



<latexit sha1_base64="ZUM7lJ4bF3rwhx22nj0x2g3lW3c="></latexit>

Bosonic Dualities: Ex: SU(2|1)
<latexit sha1_base64="LBkgEPGfV/G4GqA6gRTCVfcuyzU="></latexit>

Fermionic Duality considered so far:
<latexit sha1_base64="hi+7Xbs7dU1nJzrTU18U478Z/iY="></latexit>

�——⌦ <latexit sha1_base64="ABGGjl8Y3fLFaylwAt3j5tFh8y8="></latexit>�! <latexit sha1_base64="RiOb5f+G+J+nhOO08EAqgOjDRmI="></latexit>⌦�� ⌦
<latexit sha1_base64="QQBKs/wvLHLOKAvB8LVP9Rn25yM="></latexit>

Q12|;Q1|1 = Q+
12|1Q

�
1|; �Q�

12|1Q
+
1|; = Q�

1|; �Q+
1|;

<latexit sha1_base64="T+wGSMgTzxktGdLSApGc1nnjoMo="></latexit>

Additional Bosonic Symmetries such as

<latexit sha1_base64="6qPknj+EN8iV5fbSnCaBvzZsAm0="></latexit>

Q;|; = uL, Q12|1 = 1

<latexit sha1_base64="Fb7SOFBiEQk2rWGdEficrl3Vvik="></latexit>

Q+
1|;Q

�
2|; �Q�

1|;Q
+
2|; = Q;|;Q12|;

<latexit sha1_base64="IJEG7Nh+jY6/K5YZmKTJjx7at0E="></latexit>

How does D transform under the full set of QQ relations ?



<latexit sha1_base64="FQxnN3WWuPT79+03G9mT1fWpbG8="></latexit>

Bosonic Dualities: A warm-up example: SU(2)

<latexit sha1_base64="hCAS48f9e021KNjSyZA9bDnt7H0="></latexit>

Q; = uL

<latexit sha1_base64="m6XubybfcCCe8DDF1ocdyTmsu40="></latexit>

Q12 = 1

<latexit sha1_base64="vgBp/zuleKz5/7ZHA7QD/HqIO5o="></latexit>

Q1
<latexit sha1_base64="GfLFZM3dJWJHnQyTMo/lkLuWTe4="></latexit>

Q2 = eQ1

<latexit sha1_base64="EEldtoZ3SY1v2oU3vl9ElbThY5M="></latexit>

Q+
1
eQ�
1 �Q�

1
eQ+
1 = uL

<latexit sha1_base64="Ol8uTF11Nka2dGH5tAQa7EL5foU="></latexit>

Bosonic duality eqn.

<latexit sha1_base64="BDkAJSoNbHWKd9TxtHzRO5CRz3g="></latexit>

Dual roots at ± i
2 call for regularization of detG

<latexit sha1_base64="yIlaqFf0mhVmrIQxrycKUjp55GQ="></latexit>

After regularization:
<latexit sha1_base64="NjzMzlc4sxWf0SBf3FPiG1nhT6c="></latexit>

eD = �
2
�
2L/2�M (L/2�M)!

�4

(L� 2M)! (L� 2M + 1)!

Q(i/2) eQ(0)

Q(0) eQ(i/2)
D ,

<latexit sha1_base64="iTGm7vB/N/kk5tnw+72AxTPeXT0="></latexit>

Roots at 0,± i
2 left out in eQ



<latexit sha1_base64="ig634bXK6NduQvnY8Jt4HPrAxEI="></latexit>�!
<latexit sha1_base64="AVOFIX0ISyFvIhzvxTe9KdXfKps="></latexit>

K1
<latexit sha1_base64="AVOFIX0ISyFvIhzvxTe9KdXfKps="></latexit>

K1
<latexit sha1_base64="kTpsO1gCDlVr5zq3+ossmHMFzNo="></latexit>

K2

<latexit sha1_base64="Tw+HvEx2aj2cLuHlbQL0INiCUBc="></latexit>

eK2

<latexit sha1_base64="lhOlcsM7eQKN/ity3YGFKFVnS+k="></latexit>

Matrix on block form

<latexit sha1_base64="1KqUmuJIpEqZkTuIpuE9NTVY4aE="></latexit>

Towards a proof of the transformation formula

<latexit sha1_base64="z48adZcPygNyNuxm7wzhRhaZHoU="></latexit>

eG+
11 = eG�

11 = eG11, diagonal,

eG+
22 = eG�

22 = eG22, diagonal,

<latexit sha1_base64="IAzUjTzW6SNxCW/Of6JBpCyEDR8="></latexit>

eG+ =

2

664

eG+
11

eG+
12

p
2 eG10

( eG+
12)

t eG+
22 0

p
2 eGt

10 0 eG00

3

775 , eG� =

"
eG�
11

eG�
12

( eG�
12)

t eG�
22

#
,

<latexit sha1_base64="V/VCPNDCPBrmx1M3gNxk2KSh56Q="></latexit>

G± =


G±

11 G±
12

(G±
12)

t G±
22

�
,

<latexit sha1_base64="xzi6LTynRYhDdVkDvItv2k864cs="></latexit>

G+
22 = G�

22 = G22, diagonal.

<latexit sha1_base64="rXYJX9T5JSChQ9xmsGMJd+Y3ULs="></latexit>

G =


A B
Bt E

�
=


1 B
0 E

� 
A�BE�1Bt 0

E�1Bt 1

�
,

<latexit sha1_base64="6L6Q4W439yXZYmzAi9BrgbZPysY="></latexit>

detG = detE det(A�BE�1Bt) ⌘ detE detW

w/ A. Wallberg (BSc. ) and M. Lauritzen (MSc.)



<latexit sha1_base64="iFjjBM3H3WInXmo6xkgwxLqJeOI="></latexit>

Using Schur complements
<latexit sha1_base64="MwpDGHtR86/D2ew/GSxseGjiyOM="></latexit>

D =
detW+

detW� , eD = eG00
detfW+

detfW�
,

<latexit sha1_base64="1KqUmuJIpEqZkTuIpuE9NTVY4aE="></latexit>

Towards a proof of the transformation formula

<latexit sha1_base64="ta2p7/bxInlTHESi9ysmJiUBLe8="></latexit>

eG00 = �
K1X

j=1

1

u2
j +

1
4

= . . . using QQ relations . . . = K1
Q2(0) eQ2(0)

Q1(
i
2 )

,

<latexit sha1_base64="J0Tq/DZHRT9Y8jSbEVDeBL1VD+s="></latexit>

Still need to show
<latexit sha1_base64="GzFIUfzmKEf9GOVY5AE7n54m0hc="></latexit>

detfW+

detfW�
=

detW+

detW�

<latexit sha1_base64="GZE4JBfHsPhwYhO4UPl/lW191Jg="></latexit>

Idea: Use recursive strategy à la Korepin, Slavnov et al.
<latexit sha1_base64="xQSONKJE6AR207MPCpq3R3jHaQs="></latexit>

Work in progress



Future Directions

• Tranformation of overlap under bosonic dualities 

(full Hasse diagram)

• Complete the proof of the duality transformation formulas

• Derive the overlap formula on the basis of dualities alone

• Relate the approach to the Quantum Spectral Curve

(relevant for higher loops)



Thank you


