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Correlation functions in 1D systems

(alo(x, £)0(0,0)[a) = > [(q|OJk) ?e~ "t

» Numerics (ABACUS)
> Field theory (kex > 1, k3t > 1)

> Linear Spectrum
> O =Py, Pp,e?)
» Universality from microscopic

S(k) (mbarn meV™" s per Cu?*) (k) (mbar meV ' 7" per C**}

0 1 2 30 1 2 3
[ S(g,w) K
s (a) Experiment 6K (b) Bethe Ansatz
£ 100
K
] - -
£ A |- B
> 50 = S K
2 r.3
2
[ ! | E— b
ol W wp
0 x 2n x 2n
Wave vector k Wave vector k

Left: Comparison between ABACUS and inelastic neutron scattering for KCuF3 . [PRL 111 137205].
Right: The threshold singularities in the Non-Linear Luttinger Liquid.
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Left: Comparison between ABACUS and inelastic neutron scattering for KCuF3 . [PRL 111 137205].
Right: The threshold singularities in the Non-Linear Luttinger Liquid.

Both approaches fail at finite temperature !!!
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Outline

» Observables

» Sine-kernel
» Microscopic bosonization T =0
» Phase dressing
» Static correlations

» Lattice Sine-kernel (XY-model)

» Effective form-factors
» Summation
» From Fredholm to Toeplitz

» Dynamics
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Observables

T(x) = det <1 + \7)

Vf(q)=/dq’V(q, q)f(q")
¥
> Effective numerical evaluation (F. Bornemann “On the Numerical Evaluation of

Fredholm Determinants” [0804.2543])

N

b
/; f(q)dg = Nﬁnm;wkf(xk), det(1+K) = NIme det(8j++/wi K (X, Xk ) /W) <N

> Finite entropy state
V(p,q) = ne(p)V(p, q)
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Generalized Sine Kernels

v

7(x) = det <1 + e27m/_1nF(q)SinX(q_p)/2)

Random matrices
Impenetrable bosons
Mobile impurity [SciPost Phys. 8, 053 (2020), New J. Phys. 18 (2016), 045005]

p(y) = det(1 + K + 6K) — det(1 + K)

Return probability from the domain wall initial state [DW) = | ™ ... 1/l ... ])
[J.M. Stephan, J. Stat (2017)]

(DW|e™Hxx [DW) = det IR+( o—p?/4SNVT(p — q) VTP —q) o /4>

(p—q)

Persistence of spin configurations [l. Dornic (2018)] ne(q) = 1/ cosh(q)
Classical integrable systems ng(q) = r(q)
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Generalized Sine Kernels

7(x) = det (1+\7+5\7>- det](1+\7)

[—7,7] [—7,7

XY model [A.G. lzergin, V.S. Kapitonov, N.A. Kitanine, solv-int/9710028]

o x(p—q) ]
wr(g) sin = we(q) _; ip-g)
Vip,q) = — ﬁ, §V(p,q) = = e i(pa)x/2 g— 252
1 ; E
we(q) = = (1 — %@ tanh 2 (q))
2 2
L X x o—BH
1 1+~ 11—y _ Tro}  o7e XY
Hxy = =53 [ I SR haf] L=
Jj=1

Spectrum of fermionic (Majorana) excitations

E(q) = \/(h —cosq)2 +12sin?q
Bogolyubov rotation angle
@) — h—cosq — iysing
\/(h — cos q)2 +42sin? q
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Sine Kernel (T = 0)

2wiv -1 2
T(x)=T(x,t =0) = det (1 + 2 sinx(q — p)/ >
[7kF7kF] T q - p

Form-factor presentation

T(x,t) = (O(x,1)0(0,0)) = > |{a|Ofk)[*e™ """

kg <kg---<ky

|q): free fermions: q; = 23%; |k): shifted free fermions: k; = 27r(nL,-71/)

=> ki, Eo=) k2

The form-factor (overlap):

2 2N 1 2 )
2 _ (2.
@O = (Fsinm) (et 1) = lalP
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Field theory treatment = Microscopic bosonization (T =
» Form-Factor summation

7(x,t) = 3" (alOfk) 2™ = det(1 + V)
k

> Orthogonality Catastrophe: [(q|O|kyac)|? = A/N?<
» Soft-mode summation

70) ~ D lalolk)Pe ™k =3 3" (QleV et |{p, h})({p, h}le”VEOO|Q)
IR

k=0 P1;---Pk
ha,...hg
— Ao (Pa—Puac)x (Ve (x) o= VaR(0)y — ée—i("n—f’vac)x
X «@

w

Luttinger liquid

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. . Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);

0)
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Combinatorics of orthogonality catastrophe

Generic overlap

2N 2 an (ki = k)2 TT(ai — q;)?
| (k |q>|2 = (E sin m/) ( det ! ) = (E sin m/) > i>j
vac —\L NXN ki — qj AL [1(ki — q))?

i.j

Fermi sea integers

2 27 N—-1 | .
ijT(njfl/), quTnj, njzfiz +j—-1, j=1,2...N
|<k ac|q>|2: (Sinﬂ'll)ZNH(l_ v )72: GZ(l—V)Gz(1+V)G4(N+1)
v T phy i—J G2(N—v+1)G2(N+v+1) "

G?*(1 - v)G?(1 +v
kel = SE=DCEEY)

For v = v(k), (v+ = v(Lkg), ke = wL/N)

2 _ 2 v_—v.
huacla)? = SUIRECIICDT T o ([ WO g,
NY=HVE (ke kel2 (A = p £ i0)?
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Static + zero temperature

G2(1 - V)Gz(]' + V) 6721'1/)(
(—2ix)V? (2ix)V?

T(x) =

+v—=rv+72)

Re[7(x0)]

04

02

AAAAAAAAAAA
ANRARARAN
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Finite temperature

7(x) = det (1 + HFT(CI)(eQW.V B 1)M)

P—q

» It is challenging to do microscopic
—cN
cN

» Overlaps are to small ~ e
> Too many soft modes ~ e

» Heuristic approach instead!
Dressing: inhomogeneous and complex valued!!!

e2mivr(a) _

v (@) = - log(1H(e2™ ~1)nr(q))

nF(q) (627“'1/_1) _
T T 27i

7(x) ~ exp (—ix /O; v7(q)dq + /]R‘2 qudq')
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Relrlx]]

237/ =272/ B

Tr(e "HO(x,t)...)/Tre "™ = (O(z = x+it) .. g1ym = ~{(0(Z)...
CFT prediction for correlation length:
A A —x/¢
= — = =~ — 1 ~ 7“???
7(x) T=0 x? 7(x) (sinh(xT)/T)"* € /€
1€
12
f 2 4 6 8 10 T

e
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Generalized Sine Kernels

7(x) = det (1+\7+5\7>- det](1+\7)

[—7,7] [,
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Spectrum of fermionic (Majorana) excitations
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Form-factors

with

V(p,q) =

2miv(q) _ 1 si
e T o), oV(pa) = - Lo

(N+1k % )
—ix =2 g
w00 = Y [kla)Pe S
q
ekl — g=2miv(k) elal — 1.
N+1 N
Ne1 2 [] sinzk’z—k’]_[sin2 K/
\<k|q)|2 —A H sin v (k;) i>j i>j
] L N+1 N ki _q
i=1 H H 2 sS4

i=1 j

7(x) = det <1+\7+6\7>— det (1+\7>

[—m,7] [=m,7]

%) e2mv(@) 1 —iprayx —i(p—a)
2 2

x(p—
e

™

T sin 254
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BE(k)
2

2K = 1 — 2up (k) = €K tanh

v(r) —v(—m) =0 €Z

1.0
P 0.5 o=1 0=0

0(p)/2m

h=1.1,y=0.3 ~ 00
-0.5 o=— 0=0
-1.0
-3 -2 -1 0 1 2 3 0.0 0.5 1.0 1.5 2.0
P h
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0=1

Total number of solutions

. 2 L+1
quL — 1, q = AZE (._.44:t47 _%\i) s j = 1, 27. L

v(k) = vs(k) = v(k) — 5";7” = L) = (—1)%e2mvs(k)
For § =1 there is only one! form-factor
fLaa L A== L
UOEEDS wore BB gre B EY)
q1<---<qr
L+1 n

Zk —quw—/l/(q)dq.

-

™ ™ 2
1 W(q) — v(k) — (g — K)/2
T(x) = exp (ITI’X+IX / v(q)dg — > / dQ/dk |: 2ein q%k ] ) :

-7 -
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a):{q11~"7q2717qa+1)'“1qL}1 a=12,...,L

Fora~L a~L—a

e—2miv(qa) _ T p _ T _ i
I(kjq@) 2 = T exp (;/dq/dk |:I/(2q) ql/(kk):| /V(q)CthZMqu)
sin

-

L
—ix 3 (k—qj) L
j=1

T(x)=e Zl [(Kla(®))[2e=% = To(x) Yo(x)
with _ . ) )
To(x) = exp (ix/zx(q)dq;/dq/ [W] )
and

-

Ky s
dk . . —k+i0
Yo(x) = / g(e—2mu(k) _ 1)e—lkx exp (_ / v(q) cot q;ldq) .
-

Same approach for § = 1777
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0 <0

qal’”‘a":{QI,w-ﬁau-naaanQL} d=1-n

L—n+1 L

APal,m Z kl*qu+ZQa,~5ﬂ'*/ dq+an,

-

o oo o0 2 = A ] (26 © ) Hya,,

1>

s T ™ 2
T(x) =, det_ [Vs(x+) = K)]exp (:x / Vé(q)dq_%,/ dq7/ dk [W] ) ,

-

where v5(q) = v(q) — 8(q + 7)/(27) has zero winding number and Yj(x) stands for

™

Ys(x) = / %‘Z (efz’”'“(q) - 1) exp (—i(x —8)q + iom — / dkus(k) cot q—/;+,o> .

— -
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27K — 1 _ 24, (k) = &%) tanh BEz(k)

7(x) = A(T, h,v)e*/&(T:h)

Ferromagnetic h<1 (6§ =1)

™ ™ s 2
7(x) = exp (—hrx—i—ix/u(q)d —%/dq/dk {V(q)—V;I;i)n—;—k)/%r} )

BE(k)

2

s 1 ™
¢! :_i/y(q)dq:——/dklogtanh
2w

-7

Paramagnetic h > 1 (§ = 0)

r dk  _ Tiv —ikx r —k+i0
7(x) = To(x)/ g(e 2miv(k) _ 1)e=* exp (/V(q)cotqzldq>

-7

T

_ 1 BE(k) h++Vh?+~2 -1
1
=—— [ dklogtanh =—"2 1| , =tV T’ --
3 2ﬂ/ ogtanh —— + logy: Y+ 1%+
—Tr

T . iy q 2

|ogA:|og;,,-/dqy(q)u,l/dq/dkM
BVh +2 —1 el —y, 4 sin? 4%

19/25



B=11,~=0.25

2.0 1.0
0.9\

15
0.8

210 <

07

05 06
05

0.0

0.0 05 1.0 1.5 2.0 25 3.0 0.0 05 1.0 15 20 25
h h

20/25



Correlation function

0.81 h=0.47, y=0.25, f=1.5

G(m)

0.5

)

h=0.47, y=-5.0, B=1.5

-0.5

10
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Eytan Barouch and Barry M. McCoy Phys. Rev. A 3, 786 (1971)
A= XY,

where:

(1 - )\1_1f2/71) (1 - >\1_1g2/71) (1 - >\2_1le71) (1 - )\g_lg2/71>

=1l (1=a) (1= ") (1=20" ) (1= 032

y H — hjhi_1)(1 — hifkj_1)(1 — g2j&2i—1)(1 — &2ig2j— 1)
ij=1 (1 - fZJfZI (1 - f2j 1f2i— 1)(1 _g2jg21)(1 — 82j—-182i— 1)

(1 - hjgei—1)(1 — hig2j—1)(1 — g2jf2i—1)(1 — g2if2j—1)

(1 — fjg2i)(1 — g2jf2i)(1 — g2j—1f2i—1)(1 — fj—182i—1)

and A1, A\, f, g are defined as

M= {hr [P - =] A, e ={n- [P - (1=} /-
2 1/2 3 3 2 1/2
<';t:V:> A et ()]

W, = {’Yzhz _ (1 _ 72) [’yz + (kﬂ)zﬁfz}}l/z

h+ Wi
fo = > -
1—vy

with
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Fredholm to Toeplitz1l

x—1
sin - P ~ Z en(a—p) Z (p)e™a=p).
sin —0
R e27r11/( P) _ 1 sin X(P q)
E;V ) = ~ AqnBB
(P q) Y <in Z qnOnp
) e2miv(p) _q
Aqn — elqn7 Bnp — 7an(p)eflnp
2T
det(1 + AB) = det(1 + BA)
— T dq 27iv( —i(n—
a) — — " Tiv q)fl i(n m)q.
det(1457) = _det (ot Ton)s  Tom= [ Slar(a)e )e

For a, = 1 the matrix T, transforms into the Toeplitz one

__ d )
det (1 + 53> = det Cn—m, ck = / 9 g2miv(q) g=ika,
0<n,m<x-—1 27

-
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Fredholm to Toeplitz2

det (1 +38, +5\7y) ~ det (1 +§V) - %det (1 13, +a5\7y) (

o=
i
SVi(p.q) = & T — 1 ie1)p/2 g ix-1)a/2
27
We choose ag(q) =1 — ae=*9 and an(q) =1 for n > 1
Cop — QCx C_1 — QCx—1 . C_x+4+1 — (C1
Cc1 co cee C—x+2
det (1 +5, + 046\71,) = det (1 + 33) = det
Cx—1 Cx—2 cee co
C1 <o cee Cox42
Q@ ... Cox43
8 ~ ~ . . .
9 et <1+sy+a5vy)’ — (—1)det _ = det  Em,
Oa a=0 . - . 0<n,m<x—-1

C  Cx—1 .- a
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Fredholm to Toeplitz3

det (1 14+ 5\7y> ~ det (1 + Sy) = det &

™ ™
&= — / 99 2niv(q) g-i(ki1)a _ / 99 2niva(q) g—ika
27 27

-7 -7

q+7
2w

vi(q) =v(q) —

det (1 +35, +5\7y) ~ det (1 + §V) — det (1 T §V1)

Szegd theorem for Toeplitz determinant [Szegd (1915), Fisher & Hartwig (1969)]

oo
lo det ¢i_; = xko + nknk_
gOSi,jSX*l i—j 0 ; n n

vs(a) = 5~ Z kne'"

n=—o00

1 f o7 @-wvp)]’ &
_E/dq/dp |:Vf52qsm qu :| :an,,k,,,,

n=1
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Field theory treatment = Microscopic bosonization (T =0 )
» Form-Factor summation
T(x,t) = > [(q|Olk)[Pe™*PtitEk = det(1 + V)
k

> Orthogonality Catastrophe: |(q|O|kyac)|? = A/N?®
» Soft-mode summation

A
(x — kpt)*(x + krt)®

7(x,8) ~ O {a|Ofk) [Fe™ At i = (ev el = vae(0.0)) =
IR

» Nonlinear contributions

: : . C(O2_ .2
T(X, t) ~ |<q‘0|k>|2eflek+ltEk+lx(kaF)+lt(Q —kg)/2 — i
Q;R ViE(x — ket)®(x + ket)e

=

w

4§ ‘Impurity’ branch

Luttinger liquid

Slavnov (1989); Slavnov and Korepin (1991); A. Shashi, L. . Glazman, J.-S. Caux, and A. Imambekov
(2011); N. Kitanine, K.K. Kozlowski, J.-M. Maillet, N.A. Slavnov, and V. Terras (2009-2012); K.K.
Kozlowski, J.-M. Maillet (2015);
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Dynamics (Preliminary) (T = 0)

GP1—v)G*(1+v) s,
T(x,t) = e +
(2i(t — x))V2 (2i(x + t))v2

G2(1 — v)G2(v) K — £\ 20 e—i(t=x)2/(2t)—2ivx  [H-
() e > e

V2(2i(t — x)) @2 (2i(x + )2 \x+t (x/t —1)2 —it

2 2 21 Li(t—x)2 /(2t)—2ivx
G*(— )G (1+u) o (x+t> e /2#9( 2) (v v )
it

v2(2i(t — x))@— (21(x+t x—t (x/t —1)2

Re[1(x,t=50)] Abs[r(x=50)]
0.2 °

T e S —# o

AL
um!u HU!H!HH

x
150
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Dynamics (Preliminary)

vr(a) = 5 log [1 + (™ ~ 1)n(a)] (x—qt)— 5 log [L + (727 ~ 1)n(q)] gt—).

M%u—mm+o

WG ) — Sign(x — qt)

T=0.1, 1(x,50) T=10, 1(x50)

003 2 /(;r*\ .

iy A N
\ i
b
b A
' i
b b
b
i
it b b
T
oL i
s fropo L [t
e b
b
i
It
e b b
|
Vi i
i
sl Y

Figure: The exact expressions (solid lines) vs. the asymptotic (dotted lines) for
v = 0.4. (Real part is black and absolute value is red).

o:

o1

MVUVUV g | DUVUUVW = VV
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Summary and outlook

Riemann Hilbert Problem for Fredholm determinant
Phase shift dressing

Different types of soft mode contributions
Universality

Asymptotic for classical integrable models?

Relation with QTM? Thermal form-factors?
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Extra slides
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Soft mode summation

|ooccee ... coooe oo o| ® o
Ho Hq P P
[(Pe, Hulcplk) ol :< g 1 )2 (sinwa)“ﬁ r(p,-fa)zli[r(hﬁa)z
[(vac|cp|k) g2 1<ij<k pi + h; — 1 ™ i1 T2 i T(h)?

1 K
2
Pq—Q:/qu(q)+TZ(Pj+hj—1)
-1 Jj=1
Auxiliary Fermions
&/Mﬂ/’;} = 6nm, {¥n, Ym} = {1/’;,’11);} =0.
Pal0) =0, if n>0, F0)=0, if n<0

[P, Hi) = vy ---¢;k¢1—q1 . P1-q,|0)
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Bosonization

:Zzn ’T7 1/}(2):227%[)”.

nez g
. +./.
o) = 0 (epile) = Y 2 Uity
kez z s
0
V4 Sg(zz) — J(Z)7 90(2) = SD—(Z) — SD—Q-(Z) +J0 |0g2+ NO
i(z) = %, B ZZkJ_

k>0 z =0

i _ Pk, Hk colk 2 i
@[k BUBIIG _ e 01emo- ey, ) P, e #-1210)
P

1
AP = _/qu(q), z = e\271'iy/L
-1
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Bosonization

3 P [{Pk; Hil<plk) 0|2

‘<VaC|C |k>Q‘2 - eiyAP Z <0|eF+w+(1)|Pk7Hk><Pk7Hk|eF+<p_(z)|0> =
P

PloHi Py Hk
i i 2 (EO/ZXI’
= elyAP<0|eF+4P+(1)eF+SD_(Z)‘0> — e'yAP<O‘eF+[‘P+(1)7‘P7(Z)]|0> -
1-27
yAP iyAP
Z eiy(PrQ)|(P Hilcp|k) |2 = |(vac|cp|k) IzL _ A L
ks Fk|Cp|K)Q PIX/IQ 2 2 Y=
Pic; Hi 1-2% N (1 - e2ri/LyFE
AeiyAP
> AP Hileplkol® =
e
Py, Hk (_sz/}/) +

» Any soft modes excitations

» Non-linear bosonization
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