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Motivation

I QFT computations are hard

I Toy model: Planar N = 4 SYM theory

I Highly constraining symmetries (Yangian)

I What does this teach us about generic building blocks of QFT?

Feynman’s Van
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Example: Massless Box Integral
Consider Euclidean cross (or box) integral:

x4 x2
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=
∫ d4x0

x2
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=
∫ d4`
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x-variables interpreted as coordinates or dual momenta pµj = xµj − x
µ
j+1

(Dual) conformal symmetry implies
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with
zz̄ = x2

12x
2
34

x2
13x

2
24
, (1− z)(1− z̄) = x2

14x
2
23

x2
13x

2
24
.
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Box Integral from Yangian Symmetry
Yangian symmetry implies differential equations:

[Dj(z)−Dj(z̄)]φ(z, z̄) = 0, j = 1, 2, 2 4

3

1

with
{

D1(z) = z(z − 1)2∂2
z + (3z − 1)(z − 1)∂z + z,

D2(z) = z2(z − 1)∂2
z + (3z − 2)z∂z + z.

Find four solutions fj(z, z̄)/(z − z̄) by elementary methods:

f1 = 1,
f2 = log(z̄)− log(z),
f3 = log(1− z̄)− log(1− z),
f4 = 2Li2(z)− 2Li2(z̄) + log 1−z

1−z̄ log(z̄z).

Permutation symmetry singles out Bloch-Wigner dilogarithm. [ Usyukina
Davydychev ’93]

⇒ Box integral fixed by symmetries! [ FL, Müller
Münkler 2019]

Florian Loebbert: Integrability for Feynman Integrals 3 / 34



Outline

I Review: Integrability of massless fishnet integrals

I Bootstrap for massless integrals

I Yangian symmetry for massive integrals

I Massive momentum conformal symmetry

I Massive fishnet theory
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Yangian Symmetry without Masses



Massless Fishnet Feynman Graphs
Feynman graphs made from scalar four-point vertices in 4D (x2 = xµxµ):

I Vertex :
∫

d4x

I Propagator j k : 1
x2
jk

≡ 1
(xj−xk)2

e.g.

Mostly unsolved, only cross known [Ussyukina ’93
Davydychev ]: 0

24

1

3

=
∫ d4x0
x2

10x
2
20x

2
30x

2
40

Remarkable properties:
I Dual conformal symmetry
I UV & IR finite integrals
I Represent integrable statistical vertex model [Zamolodchikov

1980 ]
I Related to AdS/CFT integrability . . .
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Bi-Scalar Limit of Twisted N = 4 SYM
N = 4 SYM Theory: 4d gauge theory with Lagrangian LN=4 for
scalars, fermions and gluons in adjoint of gauge group SU(Nc).
I AdS/CFT: Dual to strings on AdS5 × S5

I Integrable in the planar limit: Nc →∞ with fixed g2 = g2
YMNc.

Three-parameter γ-Deformation: [Leigh ’95
Strassler ] [ Lunin ’05

Maldacena] [Frolov’05 ]
Introduce non-commutative field products in the N = 4 Lagrangian:

X Y 7→ X ? Y := e−
i
2γjε

jklQXk Q
Y
l X Y, X, Y ∈ {fields}

R-symmetry charges

Double-scaling limit: [ Gürdoğan
Kazakov 2015]

Field content reduced by tuned limits of parameters (→ no gluons!):
New couplings

g → 0, γ1,2,3 → i∞, ξj = ge−
i
2γj = fix.

Relation to fishnet Feynman graphs?
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Feynman Graphs as Correlators

N = 4 SYM γ-Deformation Fishnets
LN=4

X Y→X?Y−−−−−−−→ LγN=4
g→0, γ3→i∞, ξ1,2=0−−−−−−−−−−−−−→

ξ3=ge−i
γ3
2 fix

Lbi

Resulting chiral, non-unitary, bi-scalar theory: [ Gürdoğan
Kazakov 2015]

Lbi = Nc Tr
(
∂µφ†1∂µφ1 + ∂µφ†2∂µφ2 + ξ2 φ†1φ

†
2φ1φ2

)
.

Consider correlators

K = 〈tr
[
χ1(x1)χ2(x2) . . . χn(xn)

]
〉, χj ∈ {φ1, φ2, φ

†
1, φ
†
2}.

Each correlator given by single fishnet Feynman graph, e.g.

φ2

φ†
1

φ1

φ†
1

φ1

φ†
1

φ2

φ†
1

φ†
2

φ†
1

φ1

φ2

φ1

φ†
2

φ1φ1

Where is the integrability of planar N = 4 SYM theory?
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Integrability in N = 4 SYM Theory: Yangian

I The Yangian is an infinite dimensional extension of a Lie algebra g.
I It underlies rational quantum integrable models (e.g. AdS5/CFT4).

Yangian algebra Y [g] (first realization): [Drinfel’d1985 ]

Level 0 : Ja =
n∑
k=1

Jak ∈ g, [Ja, Jb] = fabcJc

Level 1 : Ĵa = fabc

n∑
j<k=1

Jcj Jbk +
n∑
j=1

sjJaj , [Ja, Ĵb] = fabcĴc

Serre: [Ĵa, [Ĵb, Jc]]− [Ja, [Ĵb, Ĵc]] = O(J3).

I In N = 4 SYM theory we have g = psu(2, 2|4).
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Conformal Yangian for Fishnets
Fishnet integrals inherit a conformal Yangian symmetry from N = 4
SYM theory with g = so(1, 5):

Ĵa = 0.

Can be proven using monodromy [Chicherin, KazakovFL, Müller
Zhong 2017

]

T (u) ' 1+ 1
uJ + 1

u2 Ĵ + . . .

built from Lax operators:
T (~u) =Ln(un; ∆n)Ln−1(un−1; ∆n−1) . . . L1(u1; ∆1).

Yangian invariance corresponds to eigenvalue equation:

= f(u)

Only square fishnets allowed?
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Regular Tilings of the Plane

[Chicherin, KazakovFL, Müller
Zhong 2017

]

Dimension D = 3 D = 4 D = 6
Propagator |xij |−1 |xij |−2 |xij |−4

Scalar
Fishnet

Generalizes to D-dimensional integrals with generic propagator powers.
[ FL, Müller
Münkler 2020] [ FL, Miczajka

Müller,Münkler 2020]

What do Yangian constraints imply?
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Yangian Bootstrap



Yangian Level Zero
Conformal Lie Algebra Symmetry:

Ja


D = −ixµ∂µ − i∆,
Lµν = ixµ∂ν − ixν∂µ,
Pµ = −i∂µ,
Kµ = ix2∂µ − 2ixµxν∂ν − 2i∆xµ.

If propagator powers ak at each vertex satisfy conformal condition∑
k∈vertex

ak = D

integrals In in D dimensions obey

JaIn = 0.

⇒ dependence on N ( ' n(n− 3)/2) cross ratios:

In = Vn φ(u1, . . . , uN ).
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Yangian Level One

Level zero plus one level-one generator sufficient for full Yangian
symmetry, e.g. level-one momentum generator:

P̂µ = i
2

n∑
j,k=1

sign(k − j)
(
Pµj Dk + PjνLνµk

)
+

n∑
j=1

sjPµj .

Yangian invariance of In = Vn φ:

0 = P̂µIn = Vn

n∑
j<k=1

xµjk
x2
jk

PDEjkφ

leads to PDEs in the cross ratios:

PDEjk φ = 0, 1 ≤ j < k ≤ n.
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Example I: Cross (box) in D Dimensions
Deformed cross integral:∫ dDx0

x2a
10x

2b
20x

2c
30x

2d
40

= 2 4

3

1

b
c

da
a+b+c+d=D

Yangian constraints in u = x2
12x

2
34/x

2
13x

2
24 and v = x2

14x
2
23/x

2
13x

2
24:

0=[αβ+(α+β+1)u∂u+((α+β+1)v−γ′)∂v+u2∂2
u+(v−1)v∂2

v+2vu∂u∂v]φ(u,v),

0=[αβ+(α+β+1)v∂v+((α+β+1)u−γ)∂u+v2∂2
v+(u−1)u∂2

u+2vu∂v∂u]φ(u,v) .

with parameters
α=b, β=D

2 −d, γ=+D
2 −c−d+1, γ′=−D2 +b+c+1.

Defining PDEs for Appell hypergeometric function F4:

F4
[
α,β
γ,γ′ ;u, v

]
=

∞∑
m,n=0

(α)m+n(β)m+n

(γ)m(γ′)n(1)m(1)n
umvn ,

Pochhammer symbol: (λ)k = Γ(λ+ k)/Γ(λ).
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Permutation Symmetries

Algorithm yields four-dimensional solution space:

g1= F4
[
α,β
γ,γ′ ;u, v

]
,

g2 = u1−γF4
[
α+1−γ,β+1−γ

2−γ,γ′ ;u, v
]
,

g3 = v1−γ′F4
[
α+1−γ′,β+1−γ′

γ,2−γ′ ;u, v
]
,

g4 = u1−γv1−γ′F4
[
α+2−γ−γ′,β+2−γ−γ′

2−γ,2−γ′ ;u, v
]
.

Fix linear coefficients from permutation symmetries 2 4

3

1

b
c

da

φ(u, v) = c1 g1(u, v) + c2 g2(u, v) + c3 g3(u, v) + c4 g4(u, v)

I Limit a, b, c, d→ 1 reproduces Bloch–Wigner Function.
I Three-point limit agrees with result of [ Boos ’90

Davydychev].

⇒ D-dimensional Box integral fixed by symmetries! [ FL,Müller
Münkler 2019]
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Example II: Massless Double Box
Yangian PDEs

DI φ(u1, . . . , u9) = 0, I ∈ {A,B,C,D,E, F},

with differential operators 2 5

3

1

4

6DA=−θ2
6+u6(D168+1)D365+u5u6(D168+1)(D2534+1)−u6u8D365D1928

+u4u5u6D142(D168+1)+u6u8u9D365D392−u5u6u7u8D1928(D2534+1),

DB=θ8(D168+1)−u8D1928D5867−u7u8D475D1928+u8u9D392D5867,

DC=(θ1−θ9)D1928−u1D142(D168+1)+u9D392(D798+1),

DD=−θ2D392+u2D1928(D2534+1)−u1u2(D168+1)(D2534+1)+u2u4D475D1928,

DE=(θ3−1)θ3−u3D365D392+u2u3D365D1928−u3u5D392D5867

−u1u2u3(D168+1)D365−u3u5u7D392(D798+1)+u2u3u4u5D1928D5867,

DF=(θ3−θ4)(D2534+1)+u3D365D392−u4D142D475.

Here Euler operators θj = uj∂uj are packaged into

Dijk=θi+θj−θk, Dijkl=θi+θj−θk−θl.

Big step from box (2 cross ratios) to double box (9 cross ratios)!
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Massless Double Box and Hexagon
Solution of Yangian constraints yields basis of 4834 series (double box) or
2530 series (hexagon) compared to 12 for the box integral:

Hk =
∑

nj∈xj+Z
hn1,...,n9w

n1
1 . . . wn9

9 .

Mellin–Barnes approach yields linear combinations [Ananthanarayan,BanikFriot,Ghosh 2020
+ details announced

]

Hexagon (26 Series):
3

6

2 5

1

4

= ∂u 2 5

3

1

4

6

Double Box (44 Series): 2 5

3

1

4

6

What are the best variables? Refine algorithm on simpler examples?
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Yangian Symmetry for the Masses



Introduce Masses
In the massless case, N = 4 SYM theory was the starting point:

N = 4 SYM→ γ-deformation→ fishnet theory→ Feynman graphs

Introduce masses into N = 4 SYM by giving VEV to one of the scalars:

Φ̂ = 〈Φ〉+ Φ

Leads to massive propagators with difference mass (xµjk = xµj − x
µ
k):

1/x2
jk → 1/x̂2

jk = 1/(x2
jk + (mj −mk)2)

Well known massive dual conformal symmetry generated by: [Alday, Henn 2010
Plefka, Schuster ]

Pµ̂j = −i∂µ̂xj , Lµ̂ν̂j = ixµ̂j ∂
ν̂
xj − ix

ν̂
j ∂

µ̂
xj ,

Dj = −i
(
xjµ∂

µ
xj +mj∂mj + ∆j

)
,

Kµ̂
j = −2ixµ̂j

(
xjν∂

ν
xj +mj∂mj + ∆j

)
+ i(x2

j +m2
j )∂µ̂xj .

Mass interpreted as fifth dimension (radial direction in AdS): xµ̂=5 = mj .

. . . but no massive Yangian symmetry known.
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Massive Feynman Integrals
Consider massive Feynman integrals directly, e.g.

a1

a2 b0

a4

a3

=
∫ dDx0dDx0̄

x̂2a1
01 x̂2a2

02 x2b0
00̄ x̂

2a3
0̄3 x̂2a4

0̄4

,

Use massive dual conformal (level-zero) generators Ja to build Yangian
level-one generators:

Ĵa = 1
2f

a
bc

n∑
j<k=1

JcjJbk +
n∑
j=1

sjJaj ,

with e.g. the level-one momentum generator

P̂µ̂ = i
2

n∑
j,k=1

sign(k − j)
(
Pµ̂j Dk + PjνLνµ̂k

)
+

n∑
j=1

sjPµ̂j ,

Note: We split off internal sum over D + 1-component:

P̂µ̂extra = i
2

∑
j<k

sign(k − j)Pj,D+1LD+1,µ̂
k .
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One Loop

Generic one-loop integral:

In =
∫

dDx0

n∏
j=1

(x2
0j +m2

j )−aj =

. . .
2

1

n

a2
a1
an

We find the general statement

ĴaIn = 0.

I works for massless or massive propagators,
I at one loop: even integrand invariant under two-point density Ĵajk,
I extra-dimensional contribution Ĵaextra is an extra symmetry.
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Two Loops

We can show that two-loop integrals with massless internal propagators

Ilr =

are Yangian invariant, i.e. ĴaIlr = 0, using:

I level-zero invariance,
I the Yangian invariance of one-loop integrals.

Note: In the massless limit we have Yangian symmetry for all planar one-
and two-loop integrals with non-coincident external points.
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Higher Loops
Conjecture:

All planar Feynman graphs, which are cut along a closed contour
from one of the three regular tilings of the plane, have massive
Yangian symmetry if all internal propagators are massless. External
propagators can be massive or massless.

Yangian Symmetry No Yangian
Triangle Square Hexagon Irregular

Supported by numerical evidence.
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Evaluation Parameters

Parameters sj enter definition of level-one generators:

Ĵa = 1
2f

a
bc

n∑
j<k=1

JcjJbk +
n∑
j=1

sjJaj ,

Prescription:
I choose (arbitrary) leg 1 and set s1 = 0,
I get sj+1 from sj by adding e.g.

aj aj+1

−aj

2 − aj+1

2

aj aj+1

bk

−aj

2 − aj+1

2 − bk + D
2
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Summary of Massive Symmetries

Loops Graphs Dual Conformal Not Dual Conformal
One n-gons Full Yangian & Ĵaextra All Ĵa & Ĵaextra
Two l-r-gons Full Yangian P̂µ

All Tilings Full Yangian P̂µ

Dual conformal means D =
∑

k∈vertex ak

Note: We can have level-one symmetry even without full dual conformal
level-zero symmetry.
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Momentum Space Symmetry
In the massless case, the Yangian algebra can be understood as the
closure of dual and ordinary conformal symmetry [Drummond, Henn

Plefka, 2009 ]

Translate level-one generators in x-space into dual momentum space:

pµj = xµj − x
µ
j+1

For x-space level-one momentum generator one finds

P̂µ = − i
2 K̄µ ,

where K̄µ forms part of novel massive generalization of momentum space
conformal symmetry:

P̄µj = pµj , L̄µνj = pµj ∂
ν
pj − p

ν
j ∂

µ
pj ,

D̄j = pjν∂
ν
pj + mj∂mj+mj+1∂mj+1

2 + ∆̄j ,

K̄µ
j = pµj ∂

2
pj − 2

[
pjν∂

ν
pj + mj∂mj+mj+1∂mj+1

2 + ∆̄j

]
∂µpj .
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Bootstrap Example I: Bubble

Consider dual conformal integral with v = m2
1+m2

2+x2
12

2m1m2
and a1 + a2 = D:

Im1m2
2 = a1 a2 = (1− v2)β/2

ma1
1 ma2

2
φ(v),

Yangian PDE reads (2α = a1 − a2 − 1 and 2β = −a1 − a2 + 1)[
α(α+ 1) + β2

v2−1

]
φ− 2vφ′ + (1− v2)φ′′ = 0.

Solved by associated Legendre functions of the first and second kind:

φ(v) = c1P
β
α (v) + c2Q

β
α(v).

Numerical data points yield coefficients

φ(v) = 2βπ1−βP βα (v).

Integral fixed from symmetries.

Florian Loebbert: Integrability for Feynman Integrals 25 / 34



Bootstrap Example II: Triangle
Consider dual conformal triangle integral:

Im1m2m3
3 =

2

1 3
a1

a2

a3
= φ3(u, v, w)
ma1

1 ma2
2 ma3

3
,

with u = u12, v = u13, w = u23, ujk = −x̂2
jk/4mjmk.

Straightforward to solve Yangian PDEs with series ansatz:

HC(u, v, w) =
∞∑

k,l,n=0

(a1)k+l(a2)k+n(a3)l+n
(γ)k+l+n

uk

k!
vl

l!
wn

n! , [Srivastava]

Overall coefficient found from numerics:

Im1m2m3
3 =

πD/2ΓD/2
(D − 1)!ma1

1 ma2
2 ma3

3
HC(u, v, w).

Integral fixed from symmetries.
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Massive Fishnet Theory



Where Does Massive Integrability Come From?

?→ massive Feynman graphs

Can we define a massive version of the fishnet theory?

N = 4 SYM Theory

γ-twist

Twisted
N = 4 SYM

VEV

Massive Twisted
N = 4 SYM

double-scaling
limit

I. Spontaneously
Broken Fishnets

First idea: Spontaneous Symmetry Breaking in
the massless Fishnet Theory
I product-mass propagators p2 + mjmk

I not the Feynman graphs above

but interesting for different reasons:
I ‘natural’ symmetry breaking [Karananas, KazakovShaposhnikov 2019 ]
I soft theorems for amplitudes [FL, Miczajka

2020 ]
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Where Does Massive Integrability Come From?

?→ massive Feynman graphs

Can we define a massive version of the fishnet theory?

N = 4 SYM Theory

γ-twist VEV

Twisted
N = 4 SYM

Coulomb
Branch

VEV γ-twist

Massive Twisted
N = 4 SYM

Twisted Coulomb
Branch

double-scaling
limit

I. Spontaneously
Broken Fishnets

II. Massive
Fishnets

Second idea: Double-scaling limit of Coulomb
branch N = 4 SYM theory
I similar route as in massless case
I yields difference mass propagators

p2 + (mj −mk)2
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Double-Scaling Limit of Coulomb-Branch N = 4 SYM

LCoul
eiγ−→ LγCoul → double-scaling limit→ massive Feynman graphs

Critical step: γ-deformation
I Phase operator only well-defined on R-symmetry singlets:

Pγ = exp
(
i
2γAεABC q

B ∧ qC
)

I Ad hoc solution: average first over ways to break up trace:

Q : tr(Φ1Φ2 . . .Φn) 7→ 1
n

(
Φ1Φ2 . . .Φn + Φ2Φ3 . . .Φ1 + . . .

)
I and define deformation as

LγCoul = Q−1PγQLCoul.

Then proceed with double-scaling limit as in massless case . . .
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Massive Fishnet Theory
Most restrictive limit results in massive bi-scalar theory: [FL, Miczajka

2020 ]

LMF =Nc tr
(
−∂µX̄∂µX − ∂µZ̄∂µZ + ξ2X̄Z̄XZ

)
−Nc(ma −mb)2Xa

bX̄
b
a −Nc(ma −mb)2ZabZ̄

b
a.

Planar Limit:
I Choose diagonal VEV with finitely many non-vanishing entries:

V = diag(v1, . . . , vn, 0, 0 . . . , 0), va ∼ ma.

Integrability:
I Planar off-shell amplitudes in one-to-one correspondence with

Yangian-invariant massive Feynman integrals in 4D, e.g.

Note: Further limit-theories can be obtained in this way.
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Tri-Scalar Theory
Consider alternative limit: [FL, Miczajka

2020 ]

ξ2
1 = ge−iγ1 , ξ2

2 = ge−iγ2 , ξ2
3 = g2e−iγ3 ,

and then take
g → 0, γj → i∞, ξj = fix.

which yields tri-scalar theory:

LTriF =Nc tr
(
−∂µX̄∂µX − ∂µZ̄∂µZ − 1

2∂µY ∂
µY + ξ2

3X̄Z̄XZ
)

with mass contribution (Λ = diag(m1, . . . ,mNc))

LTriM = Nc tr
[
[Λ, X][Λ, X̄] + [Λ, Z][Λ, Z̄] + 1

2 [Λ, Y ]2

+ ξ2
1√
2
(
ΛZY Z̄ − 1

4ΛY Z̄Z − 1
4ΛZ̄ZY

)
+ ξ2

2√
2
(
ΛX̄Y X − 1

4ΛY XX̄ − 1
4ΛXX̄Y

)]
.

Would be interesting to analyze this theory with regard to integrability. . .
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Integrability on the Coulomb Branch?

Integrable

Planar N = 4 SYM
VEV

Coulomb Branch N = 4 SYM

γ-deformation
+ double

scaling limit

γ-deformation
+double

scaling limit

Fishnet Theory Massive Fishnet Theory
Integrable Integrable
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Summary

I Massless integrals inherit Yangian symmetry from N = 4 SYM.

I Surprising integrability of massive Feynman integrals.

I Massive generalization of momentum space conformal symmetry.

I Allows to bootstrap Feynman integrals from scratch.

I Leads to integrable massive fishnet theory.
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Outlook

I Proof conjectured symmetry at higher loops?

I How efficient is Yangian bootstrap for higher loop integrals?

I Double-Scaling limit yields further massive fishnet theories. Are
these integrable?

I Massive fishchain?

I Is N=4 SYM theory on the Coulomb branch integrable?
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Outlook

I Proof conjectured symmetry at higher loops?

I How efficient is Yangian bootstrap for higher loop integrals?

I Double-Scaling limit yields further massive fishnet theories. Are
these integrable?

I Massive fishchain?

I Is N=4 SYM theory on the Coulomb branch integrable?

Thanks!
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