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Many interesting two-dimensional statistical mechanical models are conveniently 
described in terms of knot and link invariants.

This observation was made in the ’80s, but mostly neglected since.

The excitement about topological quantum computation ignited condensed-matter 
physicists’ interest in knot invariants, and the time is ripe for (re)applying them to 
statistical mechanics.

The key mathematics I exploit is that a tensor category gives a consistent set of rules 
that allow graphs to be manipulated without changing the topological invariants.

The moral of the story is: draw pictures!  



Outline

• Geometric (e.g. counting loops)
• Spins/heights (e.g. Ising/Potts/hard squares/RSOS)
• Quantum Hamiltonians  (e.g. spin/anyon chains)

1. Fusion categories

2. Defining lattice models using fusion categories

3. Integrable lattice models via Yang-Baxter

4. Braided tensor categories

5. Baxterization via fractional-spin conserved currents

Will give a simple formula for the Boltzmann weights in terms of category 
data that guarantees the existence of conserved currents. In all known 
examples, these weights also satisfy the Yang-Baxter equation.



1. Fusion categories

Associates a topological invariant to a fusion diagram,  
a labeled planar graph built from trivalent vertices.   

The edges are labeled by the (finite number of) objects a, b, c, …

The objects satisfy a fusion algebra

Non-negative integer

a⌦ b =
M

c

N c
ab c
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ba

For example, the tensor products of representations of (the quantum deformation of)
SO(n) form a fusion algebra. Identity rep is equivalent to no line.

For each                   , a trivalent vertex N c
ab 6= 0
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Evaluating the fusion diagram
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is done using data from a category     : 
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F move:

bubble removal:
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F moves preserve the evaluations. Doing them and bubble removal repeatedly
express a fusion diagram as a sum over closed loops, and hence a number.  

Setting a=b=0 allows a closed loop to be removed completely: = dr
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quantum dimensions

F symbols: Ftt0
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Lots of identities and consistency relations
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A famous consistency relation is the pentagon equation, which is of the form

F F =
X

F F F

<latexit sha1_base64="o+b0B8UV6Quoy2p37qvnyjy7k44=">AAAB/HicbZBNS8MwGMdTX+d8q+7oJTgEDzJaGagHYSgMjxPcC6xlpFm6hSVpSVKhlPlVvHhQxKsfxJvfxnTrQTcfEvjx/z8PefIPYkaVdpxva2V1bX1js7RV3t7Z3du3Dw47KkokJm0csUj2AqQIo4K0NdWM9GJJEA8Y6QaT29zvPhKpaCQedBoTn6ORoCHFSBtpYFea3lkTXkNPJRzmbM7Arjo1Z1ZwGdwCqqCo1sD+8oYRTjgRGjOkVN91Yu1nSGqKGZmWvUSRGOEJGpG+QYE4UX42W34KT4wyhGEkzRUaztTfExniSqU8MJ0c6bFa9HLxP6+f6PDSz6iIE00Enj8UJgzqCOZJwCGVBGuWGkBYUrMrxGMkEdYmr7IJwV388jJ0zmtuvXZ1X682boo4SuAIHINT4IIL0AB3oAXaAIMUPINX8GY9WS/Wu/Uxb12xipkK+FPW5w9wQZK5</latexit>

I view the category and its data as input to the manipulations.



2. Lattice models from fusion categories

Aka Tutte polynomial
Aka Potts model partition function

aka six-vertex model/XXZ chain

The story long predates fusion categories:



Temperley and Lieb showed how the transfer matrices of seemingly different 
models could be written in terms of operators obeying the same algebra. 

With appropriate choices of boundary conditions, their partition functions can 
be related exactly.

To relate to loop and to local models, another innovation was required:

The loops surround the clusters



These results can be systematized and generalized by 
defining Boltzmann weights using a fusion category. 

• Geometric (non-local weights, e.g. counting loops)

• Spins/heights (local weights, e.g. Ising/Potts/hard squares)

• Quantum Hamiltonians (e.g. spin/anyon chains)

Three classes of models, all closely related:



The completely packed loop/
random-cluster/Q-state Potts models

Every edge of the square lattice is covered by non-crossing loops; the only 
degrees of freedom are how they avoid at each vertex.

d is the weight per loop,
the weight per vertical avoidance, 

h the weight per horizontal avoidance
v
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(topological weight) x (local weights)Takes form Z =
X

loops

<latexit sha1_base64="vjTcjkLckR/Az+OzmPkgchY+bMc=">AAAB+3icbVDLSsNAFJ3UV62vWpduBovgqiQiWBdCwY3LCvaBTQiT6aQdOo8wMxFLyK+4caGIW3/EnX/jtM1CWw9cOJxzL/feEyWMauO6305pbX1jc6u8XdnZ3ds/qB7WulqmCpMOlkyqfoQ0YVSQjqGGkX6iCOIRI71ocjPze49EaSrFvZkmJOBoJGhMMTJWCqu1h2tfpzzMfMUhkzLReVituw13DrhKvILUQYF2WP3yhxKnnAiDGdJ64LmJCTKkDMWM5BU/1SRBeIJGZGCpQJzoIJvfnsNTqwxhLJUtYeBc/T2RIa71lEe2kyMz1sveTPzPG6QmbgYZFUlqiMCLRXHKoJFwFgQcUkWwYVNLEFbU3grxGCmEjY2rYkPwll9eJd3zhnfRuLq7qLeaRRxlcAxOwBnwwCVogVvQBh2AwRN4Bq/gzcmdF+fd+Vi0lpxi5gj8gfP5Ay/SlIg=</latexit>

Z =
X

loop
configurations

d#loopsv# h#
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The Boltzmann weights, pictorially
Picture loop model Boltzmann weights on the square lattice as

=  +

eval

where eval means to expand out each vertex to get loops with the appropriate local 
weights, then sum over all loop configurations with weight d per loop. 

Z =
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Loops and fusion categories
This loop model can be written in terms of the fusion category SU(2)

The k+1 objects are labelled

They obey a truncated version of the fusion rules of the representations of SL(2)

k

1

2
⌦ 1

2
= 0� 1
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The lines making up the loops are labeled by the object 1
2
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When two lines meet in the fusion category model, they fuse:
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<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>



Can rewrite degrees of freedom in any fashion desired. 

d = d 1
2
= 2 cos

⇡

k + 2

<latexit sha1_base64="PAFDArHKZMla/u7vURmhXzlT+r4=">AAACDHicbVBPS8MwHE39O+e/qUcvwSEIwmjLQD0Mhl48TnB/YC0jTdMtLG1Kkgqj9AN48at48aCIVz+AN7+NadeDbj4IvLz3fiS/58WMSmWa38bK6tr6xmZlq7q9s7u3Xzs47EmeCEy6mDMuBh6ShNGIdBVVjAxiQVDoMdL3pje5338gQlIe3atZTNwQjSMaUIyUlka1ut/yR6kTCIQtO2vZDuayuKVOTLN0em5nVZ0yG2YBuEysktRBic6o9uX4HCchiRRmSMqhZcbKTZFQFDOSVZ1EkhjhKRqToaYRCol002KZDJ5qxYcBF/pEChbq74kUhVLOQk8nQ6QmctHLxf+8YaKCSzelUZwoEuH5Q0HCoOIwbwb6VBCs2EwThAXVf4V4gnQVSveXl2AtrrxMenbDajau7pr19nVZRwUcgxNwBixwAdrgFnRAF2DwCJ7BK3gznowX4934mEdXjHLmCPyB8fkDuHOayw==</latexit>

+

p
d1
d

<latexit sha1_base64="puifoShxYFWKECiEu93G1Y0zjhM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARBKEkUrDuCm5cVrAPaEKYTCbt0MkkzkyEEuLGX3HjQhG3/oU7/8ZJm4W2HrhwOOde7r3HTxiVyrK+jcrK6tr6RnWztrW9s7tn7h/0ZJwKTLo4ZrEY+EgSRjnpKqoYGSSCoMhnpO9Prgu//0CEpDG/U9OEuBEacRpSjJSWPPPo3IFOKBDOHHkvVBZ4dp5nQV7zzLrVsGaAy8QuSR2U6HjmlxPEOI0IV5ghKYe2lSg3Q0JRzEhec1JJEoQnaESGmnIUEelmsw9yeKqVAIax0MUVnKm/JzIUSTmNfN0ZITWWi14h/ucNUxW23IzyJFWE4/miMGVQxbCIAwZUEKzYVBOEBdW3QjxGOg+lQytCsBdfXia9i4bdbFzdNuvtVhlHFRyDE3AGbHAJ2uAGdEAXYPAInsEreDOejBfj3fiYt1aMcuYQ/IHx+QMdKpas</latexit>

=

p
d1
d

<latexit sha1_base64="KYyxmSPI2dTDsIT6oQVi03acPbM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXJVECtaFUHDjsoJ9QBPCZDJph04mcWYilBA3/oobF4q49S/c+TdO2iy09cCFwzn3cu89fsKoVJb1bVRWVtfWN6qbta3tnd09c/+gJ+NUYNLFMYvFwEeSMMpJV1HFyCARBEU+I31/cl34/QciJI35nZomxI3QiNOQYqS05JlHVw50QoFw5sh7obLAs/M8C/KaZ9athjUDXCZ2SeqgRMczv5wgxmlEuMIMSTm0rUS5GRKKYkbympNKkiA8QSMy1JSjiEg3m32Qw1OtBDCMhS6u4Ez9PZGhSMpp5OvOCKmxXPQK8T9vmKqw5WaUJ6kiHM8XhSmDKoZFHDCggmDFppogLKi+FeIx0nkoHVoRgr348jLpnTfsZuPytllvt8o4quAYnIAzYIML0AY3oAO6AINH8AxewZvxZLwY78bHvLVilDOH4A+Mzx86EJa+</latexit>

=
1

d

<latexit sha1_base64="sK+zKZUQufHXL609IGaNtJIN3IM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEVyWRgnUhFNy4rGAf0IQymUzaoZMHMxOhhnyJGxeKuPVT3Pk3TtostPXAhcM593LvPV7CmVSW9W1UNja3tnequ7W9/YPDunl03JdxKgjtkZjHYuhhSTmLaE8xxekwERSHHqcDb3Zb+INHKiSLowc1T6gb4knEAkaw0tLYrN84yAkEJpmdZ35eG5sNq2ktgNaJXZIGlOiOzS/Hj0ka0kgRjqUc2Vai3AwLxQinec1JJU0wmeEJHWka4ZBKN1scnqNzrfgoiIWuSKGF+nsiw6GU89DTnSFWU7nqFeJ/3ihVQdvNWJSkikZkuShIOVIxKlJAPhOUKD7XBBPB9K2ITLGOQemsihDs1ZfXSf+yabea1/etRqddxlGFUziDC7DhCjpwB13oAYEUnuEV3own48V4Nz6WrRWjnDmBPzA+fwDHYpKD</latexit>

� 1

d

<latexit sha1_base64="hdcIsV4rDkejpi4tKqZjsaDJy10=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1gEN5ZECtZdwY3LCvYBTSiTyaQdOnkwMxFqyJe4caGIWz/FnX/jpM1CWw9cOJxzL/fe4yWcSWVZ30ZlY3Nre6e6W9vbPzism0fHfRmngtAeiXkshh6WlLOI9hRTnA4TQXHocTrwZreFP3ikQrI4elDzhLohnkQsYAQrLY3N+qWDnEBgktl55ue1sdmwmtYCaJ3YJWlAie7Y/HL8mKQhjRThWMqRbSXKzbBQjHCa15xU0gSTGZ7QkaYRDql0s8XhOTrXio+CWOiKFFqovycyHEo5Dz3dGWI1lateIf7njVIVtN2MRUmqaESWi4KUIxWjIgXkM0GJ4nNNMBFM34rIFOsYlM6qCMFefXmd9K+adqt5c99qdNplHFU4hTO4ABuuoQN30IUeEEjhGV7hzXgyXox342PZWjHKmRP4A+PzB65CknM=</latexit>

d1 = d2 � 1 =
sin 3⇡

k+2

sin ⇡
k+2

<latexit sha1_base64="vv/iXRzH0H+qpMsg/LgZn30RjPQ=">AAACJHicbZDLSsNAFIYnXmu9RV26CRZBEEtSC1akUHDjsoK9QBPLZDJph04mYWYilJCHceOruHHhBRdufBYnbcDa+sPAz3fO4cz53YgSIU3zS1taXlldWy9sFDe3tnd29b39tghjjnALhTTkXRcKTAnDLUkkxd2IYxi4FHfc0XVW7zxgLkjI7uQ4wk4AB4z4BEGpUF+/8vpW3buvnFl12+cQJbYgbOrO7Yikyei0kqYz9BcW+3rJLJsTGYvGyk0J5Gr29XfbC1EcYCYRhUL0LDOSTgK5JIjitGjHAkcQjeAA95RlMMDCSSZHpsaxIp7hh1w9Jo0JnZ1IYCDEOHBVZwDlUMzXMvhfrRdLv+YkhEWxxAxNF/kxNWRoZIkZHuEYSTpWBiJO1F8NNIQqC6lyzUKw5k9eNO1K2aqWL2+rpUYtj6MADsEROAEWuAANcAOaoAUQeATP4BW8aU/ai/ahfU5bl7R85gD8kfb9A9UUpPY=</latexit>

F moves give two linear relations among the four diagrams:

When two lines meet in the loop model, they avoid: or

1
oror    1Basis 1: 0

0

1
2

<latexit sha1_base64="I7edsr5jqSuKLlbriZtBLRD8ObM=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkpqLeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2d++4lrI2L1gJOE+xEdKhEKRtFKnR6GmjKv2i+V3Yo7B1klXk7KkKPRL331BjFLI66QSWpM13MT9DOqUTDJp8VeanhC2ZgOeddSRSNu/Gx+75ScW2VAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZs+TgdCcoZxYQpkW9lbCRtQmgDaiog3BW355lbSqFa9Wub6vles3eRwFOIUzuAAPLqEOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaF1z8pkT+APn8weDwo+l</latexit>

1
2
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Basis 2:



- Can define geometric models for any category, any label on the lines:

- Allows local models to be rewritten in terms of topological data

- Derive new properties, even for ancient models like the Ising and Potts models

Z =
X

F
eval

⇥
F
⇤
⇥ local weights
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Advantages of using categories

Local weights depend on ``spectral parameter’’ u

c=
X

�

A�(u)
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u



Topological structure of local models
``Height’’ degrees of freedom live on the graph dual to the fusion diagram

Heights are objects
in the category

Using shadow world, critical Ising, Potts, RSOS, 8-vertex, … models all can be written in 
terms of topological data from a fusion category, e.g.

Through the miracle of shadow world, can define local Boltzmann weights for the
heights so that the partition function is the same as the corresponding geometric model!

a b

h

Temperley-Lieb, Baxter-Kelland-Wu, Pasquier, Jones, Reshetikhin, Turaev-Viro, Barrett-Westbury …
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Lattice topological defects

• Topologically invariant junctions of defect lines

• Many generalisations of Kramers-Wannier duality.

• Understand exact degeneracies in gapped systems

• Exact lattice derivation of ratios of boundary g-factors

• By doing modular transformations, get momentum quantization 
conditions that yield exact lattice results for conformal spins,  giving 
strong constraints on any continuum limit.

Fusion categories give a general and systematic way of finding 
lattice topological defects with many nice properties.

Aasen, Fendley and Mong



3.Integrability from the Yang-Baxter equation
Sums of products of three Boltzmann weights obey

u

u’

u+u’

u

u’

=

Note u and u’ have changed places: use to construct commuting transfer matrices and the 
resulting local conserved currents needed for integrability. 

u+u’

=

need to sum over central height
u

u’

u+u’

u

u’

u+u’

Heights:



The YBE for completely packed loops

w(u) = h(u)
v(u)

The YBE gives functional equations for the Boltzmann weights.

For the loop model above, get for the local weight ratio

w(u)w(u + u ')w(u ')+ d w(u)w(u ')+ w(u)+ w(u ')− w(u + u ') = 0

Parametrize the weight per loop by                          . Then the solution is

w(u) = q−1eiu − qe− iu

eiu − e− iu

How does something so simple arise from such a complicated equation?

d = q + q�1
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Using shadow world gives local Boltzmann weights for the Andrews-Baxter-
Forrester height models at their integrable critical points.



4. Braiding

A knot or link invariant such as the Jones polynomial depends only on the 
topology of the knot.  To compute, project the knot/link onto the plane:

From a very lowbrow perspective, the key innovation of Jones was to show 
that the Temperley-Lieb algebra (the SU(2) fusion category) can be 
extended to give representations of the braid group.

k



The skein relation resolves each over/undercrossing to turn each knot/link 
into a sum over planar fusion diagrams. 

For the Jones polynomial, loops!  The Kauffmann bracket:

Resolving turns a link into a sum over graphs of closed loops.  To get the 
Jones polynomial (in q), evaluate by replacing each loop with 

� q�
1
2

<latexit sha1_base64="/SWElbDQ8ZihWXzVHGZuM9vbJf8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXlqSUrDeCl48VrAf0May2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO823lNja3tnfyu4W9/YPDon103FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7me+51HKhWLxJ2extQL8UiwgBGsjTSwi+U+erhPy/1AYuJWZwO75FScBdA6cTNSggzNgf3VH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuDp+hc6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooO6lzIRJ5oKslwUJBzpCM1TQEMmKdF8aggmkplbERljE4E2WRVMCO7qy+ukXa24tcrVba3UqGdx5OEUzuACXLiEBtxAE1pAIIFneIU368l6sd6tj2VrzspmTuAPrM8fV9eSOw==</latexit>

= q�
1
2

<latexit sha1_base64="yeOrolnWd/61gfTFbEOZIYnmVuw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXixJKVgPQsGLxwr2A9pYNttNu3SzibsboYb+Ei8eFPHqT/Hmv3Hb5qCtDwYe780wM8+POVPacb6t3Nr6xuZWfruws7u3X7QPDlsqSiShTRLxSHZ8rChngjY105x2Yklx6HPa9sfXM7/9SKVikbjTk5h6IR4KFjCCtZH6dvGqhx7u0/NeIDFxK9O+XXLKzhxolbgZKUGGRt/+6g0ikoRUaMKxUl3XibWXYqkZ4XRa6CWKxpiM8ZB2DRU4pMpL54dP0alRBiiIpCmh0Vz9PZHiUKlJ6JvOEOuRWvZm4n9eN9FBzUuZiBNNBVksChKOdIRmKaABk5RoPjEEE8nMrYiMsIlAm6wKJgR3+eVV0qqU3Wr58rZaqteyOPJwDCdwBi5cQB1uoAFNIJDAM7zCm/VkvVjv1seiNWdlM0fwB9bnD3D3kks=</latexit>

= q
1
2

<latexit sha1_base64="0M4Z23soxx3wVM2RSH4aW19xhIE=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKofUgFLx4rGA/oEnLZrtpl242cXejlND/4cWDIl79L978N27bHLT1wcDjvRlm5vkxZ0rb9reV29jc2t7J7xb29g8Oj4rHJ20VJZLQFol4JLs+VpQzQVuaaU67saQ49Dnt+JObud95pFKxSNzraUy9EI8ECxjB2kj9axc99FM3kJg4ldmgWLLL9gJonTgZKUGG5qD45Q4jkoRUaMKxUj3HjrWXYqkZ4XRWcBNFY0wmeER7hgocUuWli6tn6MIoQxRE0pTQaKH+nkhxqNQ09E1niPVYrXpz8T+vl+ig7qVMxImmgiwXBQlHOkLzCNCQSUo0nxqCiWTmVkTG2ESgTVAFE4Kz+vI6aVfKTrV8dVctNepZHHk4g3O4BAdq0IBbaEILCEh4hld4s56sF+vd+li25qxs5hT+wPr8AYyWkeM=</latexit>

� q
1
2

<latexit sha1_base64="i3xiwQGTfjiLcA6Xf65uMX7p9Gc=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBiyUpBeut4MVjBfsBTVo22027dLNJdzdKCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh9zprRtf1u5jc2t7Z38bmFv/+DwqHh80lJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76d++1HKhWLxIOextQL8VCwgBGsjdS7ctGkl7qBxMSpzPrFkl22F0DrxMlICTI0+sUvdxCRJKRCE46V6jp2rL0US80Ip7OCmygaYzLGQ9o1VOCQKi9dXD1DF0YZoCCSpoRGC/X3RIpDpaahbzpDrEdq1ZuL/3ndRAc1L2UiTjQVZLkoSDjSEZpHgAZMUqL51BBMJDO3IjLCJgJtgiqYEJzVl9dJq1J2quWb+2qpXsviyMMZnMMlOHANdbiDBjSBgIRneIU368l6sd6tj2VrzspmTuEPrM8fc4aR0w==</latexit>

= d = q + q�1

<latexit sha1_base64="PdG0ksJMfLIp93huUlxpDOaNwxg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBEEsiBeuhUPDisYL9gDYtm822XbrZpLsbpYT+Dy8eFPHqf/Hmv3Hb5qCtDwYe780wM8+LOFPatr+tzNr6xuZWdju3s7u3f5A/PGqoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xvdzvzmI5WKheJBTyLqBnggWJ8RrI3UrSAfVdD4YtxNLp1pL1+wi/YcaJU4KSlAilov/9XxQxIHVGjCsVJtx460m2CpGeF0muvEikaYjPCAtg0VOKDKTeZXT9GZUXzUD6UpodFc/T2R4ECpSeCZzgDroVr2ZuJ/XjvW/bKbMBHFmgqyWNSPOdIhmkWAfCYp0XxiCCaSmVsRGWKJiTZB5UwIzvLLq6RxVXRKxZv7UqFaTuPIwgmcwjk4cA1VuIMa1IGAhGd4hTfryXqx3q2PRWvGSmeO4Q+szx83Z5EH</latexit>



To yield a topological invariant, must satisfy the Reidemeister moves:

#2:  

+

Remove using

� q

<latexit sha1_base64="uznTA2euRD/bku/emeHitnbeeUo=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBi2VXCtZbwYvHCvYD2qVk02wbmmS3SVYoS/+CFw+KePUPefPfmG33oK0PBh7vzTAzL4g508Z1v53CxubW9k5xt7S3f3B4VD4+aesoUYS2SMQj1Q2wppxJ2jLMcNqNFcUi4LQTTO4yv/NElWaRfDSzmPoCjyQLGcEmk676aDooV9yquwBaJ15OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2X+ommMSYTPKI9SyUWVPvp4tY5urDKEIWRsiUNWqi/J1IstJ6JwHYKbMZ61cvE/7xeYsK6nzIZJ4ZKslwUJhyZCGWPoyFTlBg+swQTxeytiIyxwsTYeEo2BG/15XXSvq56tertQ63SqOdxFOEMzuESPLiBBtxDE1pAYAzP8ApvjnBenHfnY9lacPKZU/gD5/MHTM6Nvg==</latexit>

= d = q + q�1

<latexit sha1_base64="PdG0ksJMfLIp93huUlxpDOaNwxg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBZBEEsiBeuhUPDisYL9gDYtm822XbrZpLsbpYT+Dy8eFPHqf/Hmv3Hb5qCtDwYe780wM8+LOFPatr+tzNr6xuZWdju3s7u3f5A/PGqoMJaE1knIQ9nysKKcCVrXTHPaiiTFgcdp0xvdzvzmI5WKheJBTyLqBnggWJ8RrI3UrSAfVdD4YtxNLp1pL1+wi/YcaJU4KSlAilov/9XxQxIHVGjCsVJtx460m2CpGeF0muvEikaYjPCAtg0VOKDKTeZXT9GZUXzUD6UpodFc/T2R4ECpSeCZzgDroVr2ZuJ/XjvW/bKbMBHFmgqyWNSPOdIhmkWAfCYp0XxiCCaSmVsRGWKJiTZB5UwIzvLLq6RxVXRKxZv7UqFaTuPIwgmcwjk4cA1VuIMa1IGAhGd4hTfryXqx3q2PRWvGSmeO4Q+szx83Z5EH</latexit>

= =� q�1

<latexit sha1_base64="h1V6DfDLhImjCShTxn+DTm2GGBM=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBS8uuFKy3ghePFeyHtGvJptk2NMmuSVYoS3+FFw+KePXnePPfmLZ70NYHA4/3ZpiZF8ScaeO6305ubX1jcyu/XdjZ3ds/KB4etXSUKEKbJOKR6gRYU84kbRpmOO3EimIRcNoOxtczv/1ElWaRvDOTmPoCDyULGcHGSvflHnp8SMvetF8suRV3DrRKvIyUIEOjX/zqDSKSCCoN4VjrrufGxk+xMoxwOi30Ek1jTMZ4SLuWSiyo9tP5wVN0ZpUBCiNlSxo0V39PpFhoPRGB7RTYjPSyNxP/87qJCWt+ymScGCrJYlGYcGQiNPseDZiixPCJJZgoZm9FZIQVJsZmVLAheMsvr5LWRcWrVq5uq6V6LYsjDydwCufgwSXU4QYa0AQCAp7hFd4c5bw4787HojXnZDPH8AfO5w+jZ4+k</latexit>

#3:

=

The resemblance to the YBE is obvious:

u

u’
u+u’

= u

u’

u+u’

=
i∞

−i∞
=



One subtlety turns out to be a feature, not a bug.

#1:
=

But instead:

To undo, make each link a ribbon, and keep track of twists. Topological invariant after 
multiplying by                , where w = #(signed twists) = writhe.

= q
1
2

<latexit sha1_base64="pONvXLiE4ctR1R6n986IEdNPqyw=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lKoXoQil48VrAf0KRls920SzebuLtRSuj/8OJBEa/+F2/+G7dtDtr6YODx3gwz8/yYM6Vt+9vKra1vbG7ltws7u3v7B8XDo5aKEklok0Q8kh0fK8qZoE3NNKedWFIc+py2/fHNzG8/UqlYJO71JKZeiIeCBYxgbaTelYseeqkbSEycyrRfLNllew60SpyMlCBDo1/8cgcRSUIqNOFYqa5jx9pLsdSMcDotuImiMSZjPKRdQwUOqfLS+dVTdGaUAQoiaUpoNFd/T6Q4VGoS+qYzxHqklr2Z+J/XTXRw4aVMxImmgiwWBQlHOkKzCNCASUo0nxiCiWTmVkRG2ESgTVAFE4Kz/PIqaVXKTrV8eVct1a+zOPJwAqdwDg7UoA630IAmEJDwDK/wZj1ZL9a79bFozVnZzDH8gfX5A4+Yke0=</latexit>

� q�
1
2

<latexit sha1_base64="/SWElbDQ8ZihWXzVHGZuM9vbJf8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEIXlqSUrDeCl48VrAf0May2W7apZtN3N0INfSXePGgiFd/ijf/jds2B219MPB4b4aZeX7MmdKO823lNja3tnfyu4W9/YPDon103FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP7me+51HKhWLxJ2extQL8UiwgBGsjTSwi+U+erhPy/1AYuJWZwO75FScBdA6cTNSggzNgf3VH0YkCanQhGOleq4Tay/FUjPC6azQTxSNMZngEe0ZKnBIlZcuDp+hc6MMURBJU0Kjhfp7IsWhUtPQN50h1mO16s3F/7xeooO6lzIRJ5oKslwUJBzpCM1TQEMmKdF8aggmkplbERljE4E2WRVMCO7qy+ukXa24tcrVba3UqGdx5OEUzuACXLiEBtxAE1pAIIFneIU368l6sd6tj2VrzspmTuAPrM8fV9eSOw==</latexit>

= � q�
3
2

<latexit sha1_base64="Bbun4JG14ruCe36enyaNF8GFwLM=">AAAB+nicbVDLSgNBEOz1GeNro0cvg0HwkrAbA8aDEPDiMYJ5QHYNs5PZZMjsw5lZJaz5FC8eFPHql3jzb5wke9DEgoaiqpvuLi/mTCrL+jZWVtfWNzZzW/ntnd29fbNw0JJRIghtkohHouNhSTkLaVMxxWknFhQHHqdtb3Q19dsPVEgWhbdqHFM3wIOQ+YxgpaWeWbhEJQfd36UlxxeYnFUmPbNola0Z0DKxM1KEDI2e+eX0I5IENFSEYym7thUrN8VCMcLpJO8kksaYjPCAdjUNcUClm85On6ATrfSRHwldoUIz9fdEigMpx4GnOwOshnLRm4r/ed1E+TU3ZWGcKBqS+SI/4UhFaJoD6jNBieJjTTARTN+KyBDrCJROK69DsBdfXiatStmuli9uqsV6LYsjB0dwDKdgwznU4Roa0AQCj/AMr/BmPBkvxrvxMW9dMbKZQ/gD4/MHN9aSrg==</latexit>

(�q)
3
2w

<latexit sha1_base64="Jj1doMtcSQBHXj+PU5kSXuWbSmA=">AAAB/HicbVDLSgNBEOz1GeNrNUcvg0GIB8NuDBhvAS8eI5gHJGuYncwmQ2YfzswqYVl/xYsHRbz6Id78GyfJHjSxoKGo6qa7y404k8qyvo2V1bX1jc3cVn57Z3dv3zw4bMkwFoQ2SchD0XGxpJwFtKmY4rQTCYp9l9O2O76a+u0HKiQLg1s1iajj42HAPEaw0lLfLJTO7k/vkp4nMEnO06SSPqZ9s2iVrRnQMrEzUoQMjb751RuEJPZpoAjHUnZtK1JOgoVihNM034sljTAZ4yHtahpgn0onmR2fohOtDJAXCl2BQjP190SCfSknvqs7faxGctGbiv953Vh5NSdhQRQrGpD5Ii/mSIVomgQaMEGJ4hNNMBFM34rICOsclM4rr0OwF19eJq1K2a6WL2+qxXotiyMHR3AMJbDhAupwDQ1oAoEJPMMrvBlPxovxbnzMW1eMbKYAf2B8/gAmWZR0</latexit>



Don’t need any more data, as can use this with F move to get braiding 

Braided tensor categories

bc

a

= ⌫abc
⌦b⌦c

⌦a

<latexit sha1_base64="NtQo56T/bO/eZMWru4lPcW7drew=">AAACGHicbZDLSsNAFIYn9VbrrerSzWARXNVECtaFUHDjzgr2Ak0JJ9NJO3QyCTMToYQ8hhtfxY0LRdx259s4bSNo9YeBj/+cw5nz+zFnStv2p1VYWV1b3yhulra2d3b3yvsHbRUlktAWiXgkuz4oypmgLc00p91YUgh9Tjv++HpW7zxQqVgk7vUkpv0QhoIFjIA2llc+u3KxKxIvBZ9k2A0kkNS9DekQPB/nQLJvCzKvXLGr9lz4Lzg5VFCupleeuoOIJCEVmnBQqufYse6nIDUjnGYlN1E0BjKGIe0ZFBBS1U/nh2X4xDgDHETSPKHx3P05kUKo1CT0TWcIeqSWazPzv1ov0UG9nzIRJ5oKslgUJBzrCM9SwgMmKdF8YgCIZOavmIzAhKNNliUTgrN88l9on1edWvXyrlZp1PM4iugIHaNT5KAL1EA3qIlaiKBH9Ixe0Zv1ZL1Y79bHorVg5TOH6Jes6Rexd6Ay</latexit>

⌫abc = ±1

<latexit sha1_base64="v35TWykzGcc5YC0E7qCWol8UqK4=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCp5JIwXoQCl48VrAf0ISw2W7apZtN2N2IJfSvePGgiFf/iDf/jds2B219MPB4b4aZeWHKmdKO822VNja3tnfKu5W9/YPDI/u42lVJJgntkIQnsh9iRTkTtKOZ5rSfSorjkNNeOLmd+71HKhVLxIOeptSP8UiwiBGsjRTYVeSJLMhxSGboBnlpjNzArjl1ZwG0TtyC1KBAO7C/vGFCspgKTThWauA6qfZzLDUjnM4qXqZoiskEj+jAUIFjqvx8cfsMnRtliKJEmhIaLdTfEzmOlZrGoemMsR6rVW8u/ucNMh01/ZyJNNNUkOWiKONIJ2geBBoySYnmU0MwkczcisgYS0y0iatiQnBXX14n3cu626hf3zdqrWYRRxlO4QwuwIUraMEdtKEDBJ7gGV7hzZpZL9a79bFsLVnFzAn8gfX5Az+Wk0Q=</latexit>

c

are fusion categories with more data, the spins sa

b

=
⌦b⌦c

⌦a

<latexit sha1_base64="cgvR5Lg8ABSpolVYVf2B5bwcx44=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApuCqJCNaFUHDjzgr2Ak0Ik+mkHTozCTMToYQ8gRtfxY0LRdy6dufbOG0jaOsPAx//OYcz5w8TRpV2nC+rtLK6tr5R3qxsbe/s7tn7Bx0VpxKTNo5ZLHshUoRRQdqaakZ6iSSIh4x0w/HVtN69J1LRWNzpSUJ8joaCRhQjbazArl160Iskwpl3w8kQBSEsAOc/FsoDu+rUnZngMrgFVEGhVmB/eoMYp5wIjRlSqu86ifYzJDXFjOQVL1UkQXiMhqRvUCBOlJ/NzslhzTgDGMXSPKHhzP09kSGu1ISHppMjPVKLtan5X62f6qjhZ1QkqSYCzxdFKYM6htNs4IBKgjWbGEBYUvNXiEfIhKNNghUTgrt48jJ0TuvuWf3i9qzabBRxlMEROAYnwAXnoAmuQQu0AQYP4Am8gFfr0Xq23qz3eWvJKmYOwR9ZH9/FaJvy</latexit>

a

b c

bc

a

b c

c b

=
X

a

r
da
dbdc

<latexit sha1_base64="XdEF7na66os3cJYkIuwXnmScdfQ=">AAACDnicbVDLSgMxFM3UV62vUZdugqXgqsxIwboQCm5cVrAP6JQhk8m0oUlmTDJCGeYL3Pgrblwo4ta1O//GtJ2Fth5I7uGce0nuCRJGlXacb6u0tr6xuVXeruzs7u0f2IdHXRWnEpMOjlks+wFShFFBOppqRvqJJIgHjPSCyfXM7z0QqWgs7vQ0IUOORoJGFCNtJN+uXXnQUyn3kSn3UmdeJBHOQh/l5gpg6OM8h75dderOHHCVuAWpggJt3/7ywhinnAiNGVJq4DqJHmZIaooZySteqkiC8ASNyMBQgThRw2y+Tg5rRglhFEtzhIZz9fdEhrhSUx6YTo70WC17M/E/b5DqqDnMqEhSTQRePBSlDOoYzrKBIZUEazY1BGFJzV8hHiOThzYJVkwI7vLKq6R7Xncb9cvbRrXVLOIogxNwCs6ACy5AC9yANugADB7BM3gFb9aT9WK9Wx+L1pJVzByDP7A+fwARGJwe</latexit>

=
X

a

r
da
dbdc

⌦b⌦c

⌦a

<latexit sha1_base64="PQIRwpZvZDyRfsxLqiOixUlWtSA="></latexit>

⌦a = ei⇡sa

<latexit sha1_base64="m0To5plW+kp0jBlRlfdqr/Ig+sc=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5JIwboQCm7cWcE+oIlhMr1ph84kYWYilFA3/oobF4q49S/c+TdOHwttPXDhzDn3MveeMOVMacf5tpaWV1bX1gsbxc2t7Z1de2+/qZJMUmjQhCeyHRIFnMXQ0ExzaKcSiAg5tMLB1dhvPYBULInv9DAFX5BezCJGiTZSYB/m3o2AHgnI6BLDfc68lGFlXoFdcsrOBHiRuDNSQjPUA/vL6yY0ExBryolSHddJtZ8TqRnlMCp6mYKU0AHpQcfQmAhQfj65YIRPjNLFUSJNxRpP1N8TORFKDUVoOgXRfTXvjcX/vE6mo6qfszjNNMR0+lGUcawTPI4Dd5kEqvnQEEIlM7ti2ieSUG1CK5oQ3PmTF0nzrOxWyhe3lVKtOoujgI7QMTpFLjpHNXSN6qiBKHpEz+gVvVlP1ov1bn1MW5es2cwB+gPr8wcSlpaj</latexit>

bc

a



Easier said than done, since the YBE is trilinear in the Boltzmann weights.

A somewhat successful approach came from exploiting the representation 
theory of quantum-group algebras.

Baxterizing
The initial work by Jones prompted much work finding knot and link 
invariants from statistical-mechanical models in the mid to late ’80s.

Jones then suggested people try the converse: to Baxterize is to
start with a knot invariant and then try to generalize to a solution of the YBE 
and hence a lattice integrable model. 

Jimbo; Zhang, Gould, Bracken, Delius

Their solution ends up involving very little of the quantum group.
Suggests there is a simpler and more general way...



5.  Baxterization from fractional-spin 
conserved currents

The category gives a natural and general way of defining Boltzmann weights 
that admit such currents.

The ensuing linear conditions on the weights can be solved easily.

c=
X

�

A�(u)

<latexit sha1_base64="5TG/GBiTeguaR1Nk5kQaJNpK8Hs=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWAR6qYkUlAXQtWNywr2AU0Ik+mkHTqThHkIJXTjr7hxoYhbP8Odf+M0zUJbD1zu4Zx7mbknTBmVynG+raXlldW19dJGeXNre2fX3ttvy0QLTFo4YYnohkgSRmPSUlQx0k0FQTxkpBOObqd+55EISZP4QY1T4nM0iGlEMVJGCuzDKw96UvPAw0Pqweu8V/VpYFecmpMDLhK3IBVQoBnYX14/wZqTWGGGpOy5Tqr8DAlFMSOTsqclSREeoQHpGRojTqSf5QdM4IlR+jBKhKlYwVz9vZEhLuWYh2aSIzWU895U/M/raRVd+BmNU61IjGcPRZpBlcBpGrBPBcGKjQ1BWFDzV4iHSCCsTGZlE4I7f/IiaZ/V3Hrt8r5eadwUcZTAETgGVeCCc9AAd6AJWgCDCXgGr+DNerJerHfrYza6ZBU7B+APrM8fAcSVaA==</latexit>

u
r r

r r

A�(u)

Aa(u)
=

eiu⌦� + ⌦a

⌦� + eiu⌦a

<latexit sha1_base64="Sfm03GFaKhdqwNOwoVSRojIbRgg="></latexit>

All known examples also satisfy Yang-Baxter!  
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Graphically, 

J ' ( x , t ; X )  = + ( x , t )  

J X ( x , t ; X )  = + i x , t )  

Then, in any correlation function (with no insertion of other fields at the sites 
surrounding (x, t)), eq. (2.4) reads 

J t ( x , t  + l ; X ) - J t ( x , t ; X )  +JX(x + l , t ; X ) - J X ( x , t ; X ) = O ,  (2.5) 

which is the lattice version of the continuity equation O~,J ~ = 0. As in the contin- 
uum, this equation implies the conservation of the charge Q(X) = ~,xjt(x, t; X). 

2.2. QUANTUM INVARIANCE 

Let us now generalize the preceding construction to an invariance under a Hopf 
algebra A with generators T a, @b, as described in sect. 1. The correct generaliza- 
tion of (2.4) is 

R A ( X )  = o'o A ( X ) R ,  (2.6) 

with o-X ® Y = Y ® X. Explicitly, 

R(T.  ® 1 + O b ® To) = (1 ® T~ + T b ® Ob)R,  (2.7) 

RO~ ® Oc b = 0 7 ® OC~R. (2.8) 

These equations have a graphical interpretation. The generators Ta, O~, ~ are 
conveniently represented in terms of crosses and oriented wavy lines: 

T, = a ' x ~ ,  O~ = , ~ , .  b, 0 : =  b ' x~ , , " .  (2.9) 

The graphical representation of eqs. (2.7) and (2.8) is then 

with the convention that where pieces of wavy lines join an implicit contraction of 
indices is understood. The currents J~(x, t; X),  X = EaX~T~, are then constructed 
as for parafermionic currents, namely with a disorder line (the wavy line) attached: 
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We present a general theory of non-local conserved currents in two-dimensional quantum 
field theory in the lattice approximation. They reflect quantum group symmetries. Various 
examples are studied. 

1. Introduction 

It  is a well-known fact in quan tum mechanics  that  if we have a Lie algebra .~', 
with gene ra to r s  T., acting on a one-part icle  Hilbert  space H, then we can define 
the action on the two-particle Hilbert  space H ® H by the formula  

Ta(~tl ® ~b2) = T, Ot ® ~b2 + Ol ® Ta~b2. (1.1) 

This construct ion can be used recursively to define the action of  ~" on N-part icle 
Hilbert  spaces. The  Lie algebra acts on operators  by commutators ,  and on 
products  one has the same rule of  "act ing on the first, then on the second":  

[T. ,  t¢1@2 ] = [ T  a, @,]6~ 2 + 6e,[ Ta, 6e2] , 

r . @ o  = [ r . ,  6e]~ + @T.O. (1.2) 

These  e lementary but  important  facts lie at the basis of  group theory in quan tum 
mechanics,  and one should ask, in one ' s  restless search for fundamenta l  symmetry 
principles of  Nature,  whether  generalizations of  these rules are possible. 
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** Supported in part by NSF grant no. PHY89-04035 supplemented by funds from the NASA. Present 

address: Mathematik, ETH--Zentrum, 8092 Ziirich, Switzerland. 
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Recall for loops:
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In general, =
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Defining the currents

Choose an object                        so that there is a vertex  � 2 ⇢⌦ ⇢
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Current is non-local: need braiding for string to go over intervening edges. 

w z

r

r

f
Independent of path except for
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i.e. terminate a topological defect!
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For loops/Temperley-Lieb/Potts/Jones, loops are labeled with ½, currents with 1.
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But don’t forget twist!
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½
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1

The weight is zero unless the string connects two points on the same loop.



Discrete “Holomorphicity”

• Smirnov defined non-local operators in a few lattice models that are discrete 
``holomorphic”: they obey half the lattice Cauchy-Riemann equations.

• Examples are fermion operator in the Ising model (which obeys all the lattice C-R 
equations), or parafermions in the 3-state Potts model. Cardy and collaborators 
found many more in geometric lattice models.

• Cardy et al also had a different philosophy. They did not require a priori that the 
Boltzmann weights satisfy the YBE. Requiring this conserved current exist then 
gives a linear condition for the Boltzmann weights. Solving it gives turns out to 
yield a solution of the full trilinear Yang-Baxter equation.  Baxterization! 

Discrete ``holomorphicity’’ = vanishing lattice divergence



Conserved-current relation in a braided tensor category 

uu u u
= + µ+ µ

Cardy et alSmirnov et al

In all known cases, the weights solving the linear equation also solve the YBE!

u

u’
u+u’

= u

u’

u+u’

All the data save µ and the amplitudes              are specified by the categoryA�(u)
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Solving the conserved-current relation
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Then manipulate
to a common form:
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Solving the conserved-current relation
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Find all F symbols cancel with the simplifying assumptions made (no arrows, no 
mutplicities), but analysis has been generalized (T. Osborne, unpublished).
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a,�,� 2 ⇢⌦ ⇢

<latexit sha1_base64="zL4Z+p/jqp0xPpuNrW2cLkxvOuU=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFFKIgXrruDGZQV7gSaUyXTSDJ3MhJmJUEKXbnwVNy4UcesjuPNtnLRZaOsPAx//OYcz5w8SRpV2nG+rtLa+sblV3q7s7O7tH9iHR10lUolJBwsmZD9AijDKSUdTzUg/kQTFASO9YHKT13sPRCoq+L2eJsSP0ZjTkGKkjTW0T1HNwxGteUlEoUc59GQkPKFpTFSOQ7vq1J254Cq4BVRBofbQ/vJGAqcx4RozpNTAdRLtZ0hqihmZVbxUkQThCRqTgUGOzCI/mx8yg+fGGcFQSPO4hnP390SGYqWmcWA6Y6QjtVzLzf9qg1SHTT+jPEk14XixKEwZ1ALmqcARlQRrNjWAsKTmrxBHSCKsTXYVE4K7fPIqdC/rbqN+fdeotppFHGVwAs7ABXDBFWiBW9AGHYDBI3gGr+DNerJerHfrY9FasoqZY/BH1ucPLLiZcw==</latexit>



This formula generalizes the quantum-group result of Zhang, Gould and Bracken 
(using Jimbo’s work) to all braided tensor categories and any choice of f .

No need for quantum-group representation theory!

A�(u)

Aa(u)
=

eiu⌦� + ⌦a

⌦� + eiu⌦a

<latexit sha1_base64="Sfm03GFaKhdqwNOwoVSRojIbRgg="></latexit>

for all

such that N�
a� 6= 0

<latexit sha1_base64="hJKY3kVD/B0+mVS6J4Rhda3bluY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWRgnVXcONKKtgHNLFMptNm6GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGnxwn1IzwUbMAI1kbq2Uc3vQx7JGSTey8JGfIERU7PLjsVZwa0TNyclCFHo2d/ef2YpBEVmnCsVNd1Eu1nWGpGOJ2UvFTRBJMRHtKuoQJHVPnZ7PoJOjVKHw1iaUpoNFN/T2Q4UmocBaYzwjpUi95U/M/rpnpQ8zMmklRTQeaLBilHOkbTKFCfSUo0HxuCiWTmVkRCLDHRJrCSCcFdfHmZtM4rbrVyeVst12t5HEU4hhM4AxcuoA7X0IAmEHiEZ3iFN+vJerHerY95a8HKZw7hD6zPH5ZplKU=</latexit>

a,�,� 2 ⇢⌦ ⇢

<latexit sha1_base64="zL4Z+p/jqp0xPpuNrW2cLkxvOuU=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcFFKIgXrruDGZQV7gSaUyXTSDJ3MhJmJUEKXbnwVNy4UcesjuPNtnLRZaOsPAx//OYcz5w8SRpV2nG+rtLa+sblV3q7s7O7tH9iHR10lUolJBwsmZD9AijDKSUdTzUg/kQTFASO9YHKT13sPRCoq+L2eJsSP0ZjTkGKkjTW0T1HNwxGteUlEoUc59GQkPKFpTFSOQ7vq1J254Cq4BVRBofbQ/vJGAqcx4RozpNTAdRLtZ0hqihmZVbxUkQThCRqTgUGOzCI/mx8yg+fGGcFQSPO4hnP390SGYqWmcWA6Y6QjtVzLzf9qg1SHTT+jPEk14XixKEwZ1ALmqcARlQRrNjWAsKTmrxBHSCKsTXYVE4K7fPIqdC/rbqN+fdeotppFHGVwAs7ABXDBFWiBW9AGHYDBI3gGr+DNerJerHfrY9FasoqZY/BH1ucPLLiZcw==</latexit>

A solution is not guaranteed.

Need to check that ratios are all consistent with                 , and the  .    . Nevertheless, 
many many solutions exist, sometimes even more than one for a given lattice model.

N�
a� 6= 0

<latexit sha1_base64="hJKY3kVD/B0+mVS6J4Rhda3bluY=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyWRgnVXcONKKtgHNLFMptNm6GQSZiZCDcVfceNCEbf+hzv/xmmbhbYeuHA4517uvSdIOFPacb6twsrq2vpGcbO0tb2zu2fvH7RUnEpCmyTmsewEWFHOBG1qpjntJJLiKOC0HYyupn77gUrFYnGnxwn1IzwUbMAI1kbq2Uc3vQx7JGSTey8JGfIERU7PLjsVZwa0TNyclCFHo2d/ef2YpBEVmnCsVNd1Eu1nWGpGOJ2UvFTRBJMRHtKuoQJHVPnZ7PoJOjVKHw1iaUpoNFN/T2Q4UmocBaYzwjpUi95U/M/rpnpQ8zMmklRTQeaLBilHOkbTKFCfSUo0HxuCiWTmVkRCLDHRJrCSCcFdfHmZtM4rbrVyeVst12t5HEU4hhM4AxcuoA7X0IAmEHiEZ3iFN+vJerHerY95a8HKZw7hD6zPH5ZplKU=</latexit>

⌦a

<latexit sha1_base64="UvQzvOV103Ay2qprQQ/5wE8PI3c=">AAAB73icbVBNS8NAEN3Ur1q/qh69BIvgqSQiWG8FL96sYD+gDWWynbRLdzdxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhQln2njet1NYW9/Y3Cpul3Z29/YPyodHLR2nimKTxjxWnRA0ciaxaZjh2EkUggg5tsPxzcxvP6HSLJYPZpJgIGAoWcQoGCt1encCh9CHfrniVb053FXi56RCcjT65a/eIKapQGkoB627vpeYIANlGOU4LfVSjQnQMQyxa6kEgTrI5vdO3TOrDNwoVrakcefq74kMhNYTEdpOAWakl72Z+J/XTU1UCzImk9SgpItFUcpdE7uz590BU0gNn1gCVDF7q0tHoIAaG1HJhuAvv7xKWhdV/7J6fX9ZqdfyOIrkhJySc+KTK1Int6RBmoQSTp7JK3lzHp0X5935WLQWnHzmmPyB8/kD0eWP0Q==</latexit>

Smirnov; Riva and Cardy; Rajabpour and Cardy; Ikhlef and Cardy;  Ikhlef, Fendley and Cardy;
de Gier et al; Batchelor et al;  Ikhlef and Weston; Chelkak, Glazman and Smirnov



Future directions

• Would be nice to prove that such weights always give a solution of the YBE. 

• Would be nice to have a general criterion for when it works. 

• Most resulting models are critical (trigonmetric solutions of the YBE). Elliptic?

• Relax some of the category constraints, e.g. finite number of simple objects.

• For any fusion category, there exists a (more complicated) braided category 
called the Drinfeld center. Makes plausible very new and different solutions of 
the YBE, but none are known.  Haagerup anyone?


